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via PREFACE, 

to clumsy and restricted treatment, and to show that Dual 
Arithmetic harmonized not only with Common Arithmetic, 
but also with Algebra, and the higher branches of Mathe- 
matics. 

IL 

In the present work I have developed the descending branch 
of the system, connected it with the ascending, and treated 
Dual Arithmetic as a science. Thus, I have completed the 
art and science of a calculus of the concrete values of quantities 
known or unknown^ and shown for the first time how all 
mathematical functions, direct and inverse, can be submitted 
to the operations of Dual Arithmetic without the aid of Tables. 
Among the several operations and their converse that can be 
done with the greatest ease by direct processes of Dual Arith- 
metic, without the aid of Tables, in an endless variety of ways, 
I shall only mention here, the Involution, and the Evolution of 
numbers for any root or power; the direct calculation of the 
logarithm of any number whatever to any base; and the 
general methods of determining numerical roots of all orders 
of equations and also of exponential and transcendental equa- 
tions, whether the bases be known or unknown. 



III. 

" The Young Dual Arithmetician " is a work designed to 
qualify young Students to read and understand the larger 
works, to render the practical calculator independent of tables 
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of common logarithms, and to demonstrate that, if tables be 
preferred, those of dual logarithms are incomparably the best. 
Any schoolboy may construct an extensive table of dual 
logarithms in an incredibly short space of time, and afterwards 
test its accuracy at any point, if he only understands Common 
Addition and Subtraction. 



IV. 

" The Dual Doctrine of Angular Magnitudes and Functions, 
and its Application to Plane and Spherical Trigonometry." 

In this work, trigonometry is treated in an original and 
philosophical manner by demonstrating the transcendental for- 
mulae of trigonometry without the aid of impossible quantities. 



V. 

" Tables of Ascending and Descending Dual Numbers, Dual 
Logarithms, and their corresponding Natural Numbers ; and of 
Angular Magnitudes." 

When operations are performed with dual numbers in their 
lowest terms, and tables are used, it is not necessary that 
such tables should range beyond the natural numbers from 
•414213561 to I', and from i* to 70710678 {see the present 
work, p. 12). But this volume of Tables exceeds these 
limits, and is more comprehensive, and more easily used 
than any hitherto calculated. These table* are equal in 
power to Babbage's and Callet's combined, and take up less 
than one-eighth part of their space. Dual Tables ranging 
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&om I' to 2*99161136, ascending, and from i' to '299161136, 
descending, have the greatest power in economizing the time 
and labour of the calculator. 

I intend now to turn my attention to developing another new 
mathematical science which I have discovered, and styled the 
" Calculus of Form." It establishes modem analysis on a 
purely mathematical basis, and rejects the reasoning of the 
DiflFerential and other methods now current. 

OLIVER BYRNE. 
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INTEODtJCTION. 

ON THE ASCENDING AND DESCENDING BRANCHES OF DUAL 
ABITHMETIG WITH EXTENSION OF THE NOTATIOII. 

In the work entitled '^ Dnal Arithmetic, & New Art/* &nA 
in its reissue with an analysis, we showed that any number 
whatever, whether great or small, might be reduced to the 
form 

2* 10** ^Wj, Wj, t*3, &c. 

where this notation is used for the continued product 

^'^ X Id* X (i'l)*« X (i'oi}«« X (i-ooi)«» X &c. 

Thus 
2»io'* 1 3,1,4,1,2,1,1,3, = 2* X lo' X (ri)» (i-oi/ (rooi)* (roooiy 

(I0000l)'(l*00000l)^ (l'OOOOC»l)* (rOOOGOOOl)' 

= 2' X lo' X r3498588i = 5399-43524. 

The transformation of any common number into a dual 
number, and the converse operation were fully shown in that 
work. 

B 



IV INTRODUCTION. 

It was also shown how any of the digits of any dual number 
might be transformed into zero, the remaining digits being 
altered in value. 

When the first seven digits were so transformed, the eighth 
remaining digit was called the ultimate value of the dual 
number in the eighth position, and was shown to possess all the 
properties of a common logarithm of eight places of decimals. 

And then 

2^ iC^JrWi, W„ W3, U^, U^, U^, W„ Wg, = 2^* 10™ 4^0,0,0,0,0,0,0,11, 

was written 

8 
2'^ 10*^1 U,. 

The method of calculating these ultimate values for every 
dual digit, as weU as for the common numbers 2 and lo, was 
shown. 

By this means, every arithmetical operation reqidring the use 
of logarithms was performed without the use of tables, and by 
methods involving only the simplest processes of arithmetic. 

Arithmetical solutions of many problems and their converse 
were obtained by using the dual arithmetic in its simplest form 
of development, which have defied the skill of previous investi- 
gators, with all the aids of the highest forms of calculus. 

It was also shown how the dual system of calculation blended 
with the operations of common arithmetic without interfering 
with the generality of either. 

This was done under great disadvantages, as it was inex- 
pedient at first to introduce into the art more than one of its 
branches. 

The student who understands what has been written and pub- 
tished on this subject is now in a position to enter into the more 
extended development of the subject. 



DUAL NUMBEB, ASCENDING BRANCH. V 

Since any number may be represented in the form 

N = 2** lOl^^U^, Wj, Wg, U^, Wg, &c. 

we may omit the bases 2 and lo, with as much advantage in 
perspicuity as we omitted the bases I'l, I'Oi, rooi, &c and 
write the above expression in the form 

N = '^|'* w,, w,, W3, u^, &c. 

By using digits to the left of the arrow, the powers of 10 may 
be dispensed with altogether. 

Where 

N = ti?3, w^9 w^, I** w,, Wj, W3, u^ &c 

is a notation for a continued product of the form 

N = (i + lOOO)*^' (i +. ICX))^« (i + io)^» (i + i)'* (I + •!)*» 

(i + •01)'** (i + •ooi)«» (i + -0001)^* &c. 

Now 



2 



(I + ICX))^« = I02«'«|l + -^r* = (lO*)*^* I 

( I 1^1 ^ 

(I + lO^' = lO^ijl + j^l = (I0)^i !«;,, 

Hence, 

N = M?3, W^, W^y Jr* Wi, Wj, W3, U^ &C 

= (^'i + 2«;. + St..) |n (w^ + irj, (w^ + t|?J, (1^3 + t(,3), W^ &C. 

This last expression shows how powers of 10 in a dual 
number may be replaced by digits on the left of the arrow, such 
digits representing powers of the bases 11, loi, 1001, &c. 
increasing from left to right. 
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And conversely how digits on the left of the arrow may be 
transferred to the right. 

Thus, 
,3,4,2 1« 5,6,7,8,9,= ^ (5+2),(4+6),(7+3)A9.= T 7.10,10,8,9, 

Again, 

"^» 3,5,6,8,-4,3, 4.' (3-3),(5-4),6,8, = 4,3, ^' 0,1,6,8, 
or, 
"4.« 3,5,6,8,=3,0,2, 4.^ (3-2),(5-0),(6-3),8=3,0,2, ^' 2,5,3,8, 



In writing the power of 2, which is always at the middle of 
the arrow, care must be taken not to confound it with the figure 
at the top of the atrrow, to the right, designating the position of 
the first dual digit following it 

The comma (,) is employed in the operations of dual arith- 
metic, while the period (') is retained to separate whole numbers 
from decimal fractions ; this part of the general notation should 
be remembered. 

It will be found that the comma accompanying a dual digit, or 
a dual logarithm, will be a sufficient distinguishing characteristic 
without employing the strong black figure, as aboye, and in the 
Work previously published. 

Thus, 

4 

'Jf* 5,6,7,8 is a short expression for (loy (2)' ^ 0,0,0,5,6,7,8, 



And 

T i»2,3,4 for (10)" (2)* 4r 0,0,1,2,34, 



3 
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In the Work just referred to, we showed that any dual 
number might be transformed into another, any number of 
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whoise digits, connting from the first, might be zero, the next 
remaining digit being increased in value. 

The extent to which this redaction was necessary to be carried 
in practice was shown to depend upon the accuracy of the arith- 
metical result required to be obtained. 

Thus for results true to four places of figures, it was shown 
that dual numbers of only five digits were required, and that 
when four of these were reduced to zero^ the fifth gave all the 
properties of a common logarithm of five places of decimals, &c. 

For results true to seven places of figures, eight dual digits 
are required, and when the first seven of these are reduced to zero, 
the eighth is called a dual logarithm. See " Dual Arithmetic, a 
New Art," pp. 27, 28. 

It was shown also that there were several values which give 
correct results in these fifth, sixth, seventh and eighth positions, 
but a particular set of values were shown which were termed 
ultimate values. 

For calculating these ultimate values, as well as for an account 
of their properties, we must refer to " Dual Arithmetic, a New 
Art," pp. 212 — 214, 

In the generalization of the form of the dual number ascending 
branch 

Where 

N = '^^^ w^, ttj, Wg, «^ &c. 

is written under the form 

N » ITg, w^, tff^, j,'^ w„ u^ u^ u^ &c 

We must remember that m represents a positive whole 
number. 

Or 

N = (i + iooo)«'» (l + ioo)^« (l -I- io)^» (l + l)** (l + •!)«» 
(i + 'oi)^* (i -f -ooO^* (i + -oooi)"* &c. 
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It is evident by inspecting the form of this continued product, 
that by means of the powers of these bases written to the right 
and left of the arrow, including that of the base (i -f i) or 2 on 
the arrow, that any number from -f infinity to i, can be ex- 
pressed to any degree of accuracy. The bases being neglected 
in the representation of the quantities just as powers of lo are 
neglected in ordinary arithmetic, and the bases in logarithmic 
arithmetic. 

Quantities less than i are represented under the form 
N = «*^» ttj, tt,, Wg, w^, &c. by making m negative, but in that 
case we do not transfer m to dual digits on the left of the arrow. 

A more complete method of representing numbers less than 
I will be shown when we discuss the notation of the descending 
branch of dual arithmetic. 
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8 

U = ^ w. 

Here this notation signifies that u is the ultimate value of the 
common number U in the eighth position, or we may say that 
u is the dual logarithm of the common number U. 

As results true to seven places of figures are those most 
commonly used in arithmetical operations, when we speak of a 
dual logarithm, without specifying position, we regard it as 
of the eighth position. 

As the use of the logarithm of a number is most frequent in 
symbolical operations, instead of writing 
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Dual log. U =* tt, when U = | «^ we write |/U) = Uy 
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Thus since 

8 

2 =it693i47i8, 

.•• ^,(2) = 69314718, Or dual log. of 2 = 693 147 18, a whole 

number. 

Hence it will be seen that bj attaching a comma to the sign ^, 
we indicate an operation the exact converse of that represented 

8 

by the sign ^ . 

It is often necessary, when using a dual number not reduced 
to its ultimate position (but which can always be so reduced) to 
indicate that its logarithm is to be taken. 

Thus supposing we have to indicate the logarithm of the 
number represented by the dual number 

^ 7,2,6,o,7>8,2,6, 

Using the analogous notation to that above, we should write it 

^, 7,2,6,0,7*8,2,6, 

But 

8 
17,2,6,0,7,8,2,6, = I 693I4718, 

. • . 1, 7,2,6,0,7,8,2,6, = 693 1 47 1 8 ' 
Hence on the whole, if 

8 

2 = 4,7,2,6,0,7,8,2,6, = I 693 1 47 1 8, 

Then 

1,(2) = 693 1 4718 = I, 7,2,6,0,7,8,2,6, 

And taking away the commas attached to the arrows which 
indicate logarithms, we have 

2 = 1 7,2,6,0,7,8,2,6 

This gives all the notation we require at present for logarithmic 
operations by the ascending branch. 
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NOTATION AND EXPLANATION OF THE DESCENDING BRANCH 

OF DUAL ARITHMETIC. 



Any number N may be written aa a continued product of the 
form 

iC* X (i — 'i)"* (i — •oi)"* (i - 'ooiy* (i — •oooi)''* &c. 
or lo* (-g)"* (•99)''« ('999)*» (•9999)''* &c 

In analogy with the notation used in the ascending branch of 
dual arithmetic, this continued product may be written thus 

where any of the digits r^, i;,, v^ &c as well as m may be 
positive or negative. 

Negative digits are only used when the descending branch is 
not combined with the ascending. 

As in the ascending branch the power of lo, m, may be 
taken off the arrow and digits placed to the right when m is a 
4- whole number. 

Thus '^,V<Vt<i'VC &C. • 

represents the oontinued product 

(•9)'* (•99)''* ('OOQ)"' C9999)'* (9)'* (99)'* (999)'' 
but the bases 9, 99, 999, or the digits t^, t^, t^ &c. are seldom 
employed except in analytical inquiries. 

For the most part this descending branch is only used in 
combination with the ascending one. 

When 80 used, positive digits are only employed, and then 
the descending branch gives a method of coninerting all numbers / 1, 
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between i and minus infinity into dual numbers. When tliis 
combination is used, only 4- digits of both branches aj*e required. 

Thus any positive whole number between o and -h infinity, 
may be represented under the form 

\ \ \ \ tr,, W^y W^y \^ U^y U^y %y U^y AC. 

which represents the continued product 

(•9)^1 {'<^y* (•999)''» (I 4- iooo)^» (i -f ioo)^» (i + lo)'^' (I 4- 1) 

(I + •!)"» (I +*oi)^» (i + •(X)i)'*» &c. 

This gives the power of representing any number, however 
small or however great, by the combination of the two branches, 
using only + digits. 

For analytical purposes, it is necessary to extend the bases of 
the descending branch, so as to express zero and quantities 
which are negative of any magnitude whatever in that base. 

The scheme of the bases of the descending branch may be 
written under this form. 

— 00, ....(i - looo)^* (i - lodf^ (i - io)*» (i - i)*i (i - -i)^* 

(i — -oi)^' (i — 'ooiy^ &c. to I. 

The base continually approaching to + i but never exceed- 
ing it. 

Also, the descending bases may be employed under the form 

+ 00 (1000 — i)*» (100 - i)*» (icx) — ly^ (i - i)^» 

(i - if^ (01 + i/»' (-(X)! — ly* &c — I. 

The negative extensions of the basea, however, being solely 
used for analytical investigations, the base (i — i) as well as 
(i — 10) (i — 100), &c. (-1 - i) (-oi - i) ("ooi - i) &c. are 
not used in the present work. 



Xll 



INTBODUCTION. 



Using the processes of operating on a number by ascending 
dual numberSi 



•9 



^9 



99 



•9999 



•99999999 



= 9 I hh 
9999 

= 9 I i»i Ai, 
99999999 



•999999999999999 = -9 1 1,1,0,1,0,0,0,1, 

Therefore we may say that '9 ^ 1,1,0,1,0,0,0,1, = i, very 
nearly. 

Similarly, it may be shown that 

•99 Jr 0,1,0,1,0,0,0,1, = I 

•999 Jr 0,0, 1,0,0, 1,0,0, = I 
•9999 1 0,0,0,1,0,0,0,1, = I 



Or 



'i 1 1,1,0,1,0,0,0,1, = I 
'i|o,i,o,i,o,o,o,i, = I 

2 

'i T 0,0,1,0,0,1,0,0, = I 



'1 1 0,0,0, 1, 0,0,0,1,= 



THE 



SCIENCE OF DUAL ARITHMETIC, 



AND THB 



APPLICATION OP THE ART, 

INVOLVING BOTH BKANCHES. 



CHAPTER I. 

THE GENERAL NOTATION APPLIED TO PARTICULAR NUMERICAL 
EXAMPLES, WITH SHORT METHODS FOR CONVERTING A 
NATURAL NUMBER TO A DUAL NUMBER; AND A DUAL 
NUMBER TO A DUAL LOGARITHM; AND Vice versd. 



I. Dual Arithmetic is a new art of manoeuvring numbers, 
and also a new science by which the relations of quantities are 
investigated with ease and accuracy, with or without the use 
of tables. 

2. The term Dual is employed because the art has ttoo 
branches, the basis of each branch being composed of two partSj 
and because the digits of a dual number may be subjected to a 
variety of changes in magnitude and position, while at the same 
time the dual number remains equal in value to two unchangeable 
extremes, namely, a natural number, and a logarithm to a known 
base. 



DUAL ARITHMETIC. 



BASES OF THE ASCENDING BRANCH. 

Limit 
(A) + 00 (loooi); (looi); (loi); (ii); (2); (ri); (roi); 

Limit 
(rooi); (rcooi); i 



BASES OF THE DESCENDING BRANCH. 

Limit 

(B) - 00 . . . . (- 9999') ; (- 999-); (- 99') ; (- 9') ; (o); (9) ; ('99) ; 

Limit 

('999); I 

Or 

Limit . Limit 

(C) + 00 . • . (999O; (99*); (9*); (o); (- '9); (- '99); (- -999); • • • -i 

3. The sum of the bases (A) and (B) similarly circumstanced 
assume the values 

o (2-); (2-); (2-); (2-); 2. 

Of (A) and (C) 
+ 00 . . . .(2000*); (2CX)-); (20-); (2*); (-2); (-02); (-002); . . . o 

Of (B) and (C) 
O (o); (o); (o); (o); (o); o 

The descending branch, and the ascending, and both com- 
bined may be represented respectively by the three following 
general symbols, 

p 

V 

V 

p 
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4. A small figure placed at p designates the position occupied 
by a dual digit, and sometimes points out the leading position 
occupied by the first of more dual digits than one. 



m 


expresses 


lOm 






I 


m 


99 


la^ 


n 


j> 


2« 






I 


n 


>> 


2^* 



A dual number of positive dual digits has always an exact 
value in common numbers when no contractions are employed 
in the reduction. When eight positions to the right and eight 
to the left of the signs f ^, counting from left to right in both 
cases, are occupied by ciphers or other digits, the sign \ being 
placed before the eight ascending digits, on the left, and f after 
the eight descending, on the right ; yet with respect to range 
the dual number is said to be one of eight digits although 
sixteen positions, and other position between the signs f and ^ 
may be occupied. If one of the signs f or ^ is omitted, the 
positions attached to it are supposed to be occupied by ciphers. 



5. When the last dual digit, and all that follow, are rejected, 
and when the last is 5, 6, 7, 8, or 9, the digit preceding may be 
counted one more, as in decimal arithmetic. 

8 

2' = ^7,2,6,0,7,8,2,6, = ^0,0,0,0,0,0,0, 693 1 47 1 8, = 4, 693 1 47 1 8, 
The 8 being omitted, the expression is written 

2 = ^69314718, 



DUAL ARITHMETIC. 



Then 693 147 iS^ is tenned the dual logarithm of 2* and 

written 

4^,(20 = 69314718, 



8 



lo* = ^230258509, 

.-. ^,(10) = 230258509, 

The diameter of the earth through the poles is said to be 
41706091*152 feet, the dual logarithm of which is equal to the 
whole number 161 5789463 ; 

Then |, (41706091-152) = 1615789463, 



DESCENDING BRANCH. 

6. In this branch the arrow points vertically, and the comma 
is to the left of the digit and above it, while in the ascending 
branch the arrow points straight down, and the comma is to 
the right of the digit and behw it. 

(•9) is represented by '1 f in the ist position. 



08 O 

S S 

I « < 



(•9)* 
(•9)' 



» 



>> 



» 



» 



&c. 



'2t 

&c. 



» 



1} 



J9 



99 



s s 

o ^ 

I. e 



09 

I I 



(•99) is represented by 'o'l f or 'i f in the 2d pos, 



(•99)' 

(•99)' 



»>^» 



)) 



» 



J» 



» 



o'2f or '2f 



»^» 



&c. 



o'3t or '3f 

2 



99 »> 



» >} 



(•999) is represented by 'o'o' i f or 'i f in the 3d p 

8 

(•999)' » 
(•999)' .9 



o'o'2for'2f „ 



&c. 



'o'o'3tor'3t „ 

3 

&0. 
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Hence, in both branches, if there be r decimals in any base, 
its powers, or dual digits, are placed in the rth position. 

(•9)' (-99)* is written '3 '2 f 

(•9)' (-99)' . » '7 'St 
C9997 ('999999)' C99999999)* is written 'o 'o '3 'o 'o '2 'o '6 f 

A cipher being in the first and also in the second positions 

shows that no power of *9 or '99 is employed ; the same may be 
said of other positions occupied by ciphers. 

'o'o'3'o'o'2'o'6 f may be written '3'o'o'2'o'6 f 

= '3 t '2 t '6 t 

3 6 8 

(•9)' (-99)!! (-999)' (9-) (99-)2 is written '$'2'$ ^ 'i '2 
and may be put under the form 

'4'4'5 t(ioO = '4'4'S t^ 



The reduction of '3 '2 '5 f '1*2 to '4*4'$ f« is similar to 
that established for the ascending branch. 

For 

(i-i)' (roi)» (rooi)* (ir) (loi)* = 2,1, 4, 3,2,5, = 54, 4,4,5, 

7. In the descending branch, as in the ascending, a dual 
number reduced to the eighth position is also called a dual 
logarithm, and must be considered negative, if the ascending 
dual logarithm is taken positive, and vice versd. It will be 
shown hereafter, that 

'i f = '10536052 f 

8 

'o'l f = '1005034 f 

8 

'o'o'i f = '100050 f 

s 
'o 'o'o'i f = 'lOOOO f 

8 

&c. &c. 
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Then 

'2'3'4'5'6'7*8'9t = '24544195 t, 

8 

as in the ascending branch, the 8 designating the position is 
omitted in practice. 

Again, 

765432110 = '3'o'i I 0,5,0,0,1,5,6,3, 

It has been abready shown that 

8 

4, 0,5,0,0, i,5,6,3> = 4^ 4976728, 

and that 

'3'o'i f = '31708206 f 

8 

Then 

8 

7654321 1 = '31708206 T 4976728, = '26731478 f 

8 

'31708206 
4976728, 

'26731478 

.'. The dual logarithm of the decimal 765432 11 is '26731478 

written ^, (765452 11) = '26731478 ; 

These reductions are introduced to exemplify the notation. 
How to make all such reductions will be shown when the opera- 
tions of the descending branch are being discussed. 



8. How to find any two of the three corresponding numbers — 

(natural number); (dual number); (dual LOaARITHM) ; 

by easy and direct processes, the remaining one being given. 
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Any dual logarithm may be compounded of multiples of 
693i47i8(n) and 230258509(711), and a logarithm numerically 
less than (34657359) half the dual logarithm of 2. 

K 230258509 alone is operated with, any logarithm may be 
compounded of multiples of 230258509, and a logarithm numeri- 
cally less than (115 129255) half the logarithm of 10. 

i» = 34657359 Jm = I 15129255 

n= 69314718 w=230258509 

i\n = 103972077 Ijw = 345387764 

2w=i38629436 2^ = 46051701 9 

2iw = 173286795 2|w = 575646274 

3w = 207944154 zm = 690775528 

&C. &c. 

If the given logarithm be greater than - by a?, but less than n, 
then 



/n \ n 



ft 

a logarithm less than - > 



If the given logarithm be greater than n, but less than i^n 
by y, then 



fXn \ n 



a logarithm less than -, 



Again, if the logarithm be greater than i Jw by z, but less 
than 2n, then. 



2n-(3| + .)= l-z, 



D 
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n 



which is also less than - : and so on. A similar process of reason- 

....'... J .• . £ . . ,s . . I , . » 

ing may be applied to 

\m\ m\ \\m\ 2m; &c. 



9. Because 



8 



\, 3>6a9.4,iA7, = \ 34657359. 



and 



:^ 



'3'3'o'3'4'i'o'i t = '34657359 t. 

■ . ," • • \ - . 8 i 



hence any dual logarithm may be reduced to a dual number 
whose first digit does not exceed 3, or '3 ; and by operating 

2 3 

with the logarithms of ^ i, ; J^ i, ; ^ a,; &c. and of 'i f ; 
'i f ; 'i f ; &c. in a manner similar to that explained with 

2 8 

respect to 693 147 18, and 230258509 (8), succeeding digits after 
the first may be found so as not to exceed 5, or '5I ' " ' 

2 3 

Dual logarithms of \ i, and 'if; ^ i, and 'if; ^ I, 

2 
and 'i f may be arranged in the following brder : 
3 

'i 'f = '10536052 I 'f = '1005034 'i 'f = '100050 

2 3 

2 3 

4^,1,= 9531018, 4,i, = 995033 4^,1,= 99950, 

A multiple of 10536052 may be involved so that the 
remainder will not exceed half of 10536052 = 5268026, which 
contains 1005034 five times but not six ; the same may be said 
of half 1005034 = 5025 17, &c. and of half 953 loi 8 = 4765509 ; 
&c.&a 

We have now arrived at these important conclusions, namely 
that with the dual logarithms of lO' and 2* (4f,(io-) and ^',(2-;) 
and their multiples together with a logarithm, numerically, not 
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greater than 34657359, or '34657359 the dual logarithms of 
all the natural numbers between 

+ CO and o 
are instantly determined. 

The corresponding dual number may be put under the 
form (A), 

'^1 '^2 \ '^4 X '^6 \ \ '*|'^ ^» «,» ^» ^4» ^6> "«» ^» ^> (-^) ; 

in which it is not necessary that either 't?, or w^, should exceed 
'3 or 3, and at least half these digits may be ciphers. 

Therefore, to determine in a direct manner the natural number 
corresponding to a dual logarithm requires but little numerical 
labour, since (A) may assume the forms (B), (C), (D), &c. 

'o 'r/o \ 'o 'o 'o 'o "i|»^ -i^i* o, W3, o, u^, tt^ w„ Wg, (B). 

X'o'o'o V^XX i^t'* o, X'^8X»o>0'0, o, (C). 

'o \\ 'o 't?^o o o o "•!» Wj, o, W3, o, %^ Wg, w,, w^ (D). 

&c. 

In^ reducing a dual logarithm of the form B, C, D, &c. to a 
natural number, it is of no moment to have each of the last four 
digits not greater than 5, or '5 ; then, when the positions u^ u^ 
u^ Wg are occupied, v^ v^ v^ v^ become ciphers, and vice versd. 

Let t«j Wg t^ Wg be a natural number composed of the dual 
digits Mg, u^ u„ Wg, and let v^y^ v^ v^ be the natural number com- 
posed of the dual digits 'v^ 'v^ 'v^ 'v^\ then 

5 
\u^u^y^u^= locxx) Wg u^ u, Ug 

and 

\ 'v^ \ \ f = lOOOOOOOO — l\ v^ v^ v^ 
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These numbers being operated on by such dual numbers as 

'o V 'o 'o ^Jn u^^ o, Wg, u^ 

\ 'O 'O 'O m|n O, W,, W3, M,, 

'O \ 'O \ rnin u^^ Q, U^ O, 

&C. 

the corresponding natural number will be produced. 

10. The solution of the converse problem, that is, to find the 
dual logarithm of any given natural between 

-f 00 and o 

requires no additional labour or skill, since any given number 
operated on by lo* may be found in one or other of the positions 
Nj Nj Ng N^ Ng N"^ and i 00000000 ; 2*00000000 and -50000000 
may be operated upon by a dual number whose first digit is not 
greater than \ 3, or '3 ^ and also assume one of the positions 



N. N. N, &c. 




l'CX)000000 


i-oooooooo 


N. 


N* 


1-41421356 


•70710678 


N, 


• 


2*00000000 


•50000000 


N. 


N, 


3*16227766 ^ 


•316227766 



Eeductions may be often simplified by multiplying or dividing 
numbers found near the positions N^ N, Ng &c. by 2. ' 

A brief inspection and comparison of the numbers exhibited 
in the subjoined tabulated form will exemplify our first sketch of 
these important relations. 



LIMITS OF TABLES OP DUAL NUMBERS. 



II 



Numbers 
intervening 



srs ( __ 



lOOOOOOOO 



II =4,1, 

121 =4f2, 

1331 =^3> 



Numbers 
intervening 
divided hj 



jrs "I 

ing 1 = 
)7 2. J 



141421356 



729 = '3 1 
81 ='2t 

9 ='it 



200000000 



Numbers 
intervening 
divided by 



irs ^ 
ing [ = 
>y2. J 



II =4,1, 

121 =4r2, 

1331 =^3. 



Numbers 

intervening 

multiplied by 4. 



Numbers 'i 
intervening [■ = 
multiplied by 2. J 

Numbers "^ 
intervening >- = 
multiplied by 2. J 

Numbers I __ 
intervening. J 



266000000 



II =4,1, 

121 =4f2, 

I33i=i3» 



345000000 



729 = '3 f 

81 ='2t 

9 ='it 



499999999 



II =4ri, 

121 =Jr2, 

1331 =l3> 



707106780 



729 = 3 
81 ='2 

9 ='i 



999999999 



1-32898724 

Vo'2'0'1'2'3'3 I 3,0,0,5, 
28441721, 
167074 

'2'o'o'o'l sTl 0,3,1, 

'17988055 
239-468438 

'o'iVs 2|i 2,0,0,0,3,4,2,6, 
I80I0428, 

279701465 

'0V3 4|2 1,2,0,5,0,2,5,7, 
II27II9I, 

3605- 

'3'i'ibV3'7'6 4tr 0,0,0,0,2, 
'32711615 

-054549625 

'0'l'0'2Vl'0'0 ill 1,0,2,0,3,0,0,0, 

97339i8> 
819672683 

'2'0'0'l 3T 0,1,2,0,2,1,5,2, 
'188850I9 



12 DUAL ABITHMETiC. 

1 1. From what tve have stated, it is evident that if tables be 
employed, but two are required, one of the ascending branch 
ranging from 

;^ 0,0,0,0,0,0,0,0, to ^ 3,6,o,94>i A7» 

and another of the descending branch ranging from 

'o'o'o'o'oVo'of to '3'3'0'3'4'i'o'it 

with natural numbers and dual logarithms to correspond, proper 
reductions being made involving powers of both 10 and 2. 

When powers of 10 only are involved, no jeductions require 
to be made. Two tables, one of the ascending branch whose 
natural numbers range from 

lOOOOOiDOO to 2'99i6ii362; (I) 

4 • - . 

- t * » • . 

and another of the descending branch whose natural numbers 
range from 

•999999999 to -2991611362; (II) 

are then required. 

With such tables logarithmic operations may be effected by 
mere inspection, and natural numbers are prepared for loga- 
rithmic operations by simply changing the decimal point one, 
two, three, &c. decimal places to the right or left until the 
natural numbers are to be found between 

loooooooo . . . and 2*99161 13612 . . . 
or between 

•299161136 .... and '99999999 .... 

Since, to change the decimal point one, two, &c. places to the 
right or left being tantamount to multiplying or dividing by 
10, 100, &c. ; in resulting natural numbers, the position of the 
decimal point is more readily obtained than if the operation was 
performed by common logarithms. 

^t must be remembered that dtial logarithms are whole 
numbers, those of the descending branch have a comma to the 
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left (ibove, and those of the ascending to the rigl^t below,; thus, 
the dukl Ibgarithm of 2* as well as the dual logarithm of ^ is the 
-Arlible nufntier 693 14718 But written 

4,, (2-)= 69314718, 
^i'5) = '6gsM7JS 

sum = 00000060 = ^, (i) 

If the dual logaritjims of the ascending, branch be considered 
positive, those of the descending branch ij^ust b© taken as 
negative, and viee versd. 

Although the calculations throughout this work are made 
without the use of tallies, and. by processes designedly rendered 
prolix for the sake of clearness, yet, before entering upon the 
general discussion of the descenditig branch, it may be necessary 
to show, when tables of logarithms axe employed, how vastly 
superior tables of dual logarithms are to those of common loga- 
rithms in Both accuracy and precision. 

With what numbers must tables of dual logarithms 
(I) (II) (10) be entered to find the logarithms of 



245*672 


98-3657 


4-846321 


2-345678* 


1-35672* 


33-4455 


•0012345 

\ ft . . > k 


•47^3.. 


•$765432* 


'OOI 


•I * 


loo- 


ooo* 


9473'. 


1276- 



t.- 



The numbers marked with the * have the decimal point in the 
required position; to find 'the dual logarithms of the other 
numbers the tables (I) (II) must be entered with 



2, 


2-45672 


(I). 


•9836s (II)- 


•4846321 


(II). 


'3 


I -2345 


(I> 


•4763 (II). 


•334455 


ai). 


'3 


!• 


(1). 


1- (I). 


I- 


(I)- 


.3,. 


I- . 


(^ 


•9473 (n).\ 


1-276 - 


(1). 



2*45672 beconaes the first number if j the decimal point be 
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removed two places to the right, marked 2, ; 1*2345 becomes the 
second number when the decimal point is removed three places 
to the left, marked '3 ; and so on. 

Multiply 90*986868, 19*4334858, and 295*429627 continually 
together by dual logarithms. 

2, ^, (2-95429627) = 108326047, 

1, ^,(1-94334858)= 66441255, 

2, ^, (-90986868)= '9445506 



6, 



16532 1796, 
I, ^,(-1) = '230258509 

I. ('52237607)= '64936713 Eesult 
.-. Product = 522376*07 



In practice, subtraction is avoided in all cases, by substituting 
the arithmetical complements of that class whose sum is numeri- 
cally least for the logarithms. 

It requires but a trifling inspection to decide which of the two 
class of logarithms has the greatest numerical value. 



Work of the above Example in a practical form. 

T891673953 ar. CO. 

133558745 ar. CO. 

'9445506 
'230258501 



4., (-52237607)= '64936713 

.-. Product = 52237607 

The result 0064936713 is written '64936713, since a whole 
number is not altered in value by prefixing ciphers to the left. 
Hence when dual logarithms are employed no allowance has 
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to be made on account of having employed arithmetical com- 
plements, which is one of the advantages of this over other 
systems. 

The management of commons logarithms is rendered difficult, 
"because the decimal part is always taken positive, while the 
whole numbers or indices may be either positive or negative. 
Thus, the common logarithm of •00012345 is made up of two 
parts, —4, and + •0914911, written 40914911. 

Find the value of -00285095 x 82*550825 x '0092730306 by 
dual logarithms. 

'3 4^, (2-85095) = = 104765225, 

'2 ^,092730306) ar. co.^ = T2452512 

2 _ 

r^ ^,('82550825) ar. CO. =180824393 
3 



4,, (2-1823915 1)= 78042130, 
.•. •00218^39151 = the required value. 

12. To reduce a dual immber of the ascending branch to a 
dual logarithm.. 

EULE. 

To the dual number taken as a common number, add 31018 
times the first digit, and 33 times the second digit ; then subtract 
5 times the first three digits, a cipher being inserted after each, 
firom the sum and the remainder is the dual logarithm. 

Demonstration, 

Let jjWj, u^t Mg, W4, Wg, Wg, Ujf W3, be the dual number to be 
reduced to a dual logarithm ; . * 



i6 



DUAL ARITHMETIC. 



then, " Dual Arithmetic, a New Art," p. 212. 



1, 1 


, = 9531018, = lOOCXXXX) 


- 500000 + 3IOI8 


Vi 


, = 995034, = lOOOOOO 


- 5000 + 33 


l,'I 


, = 99950, = lOOOOO 


50 


Vi 




= lOOCX) 




rl 




= lOCX) 




Vi 




= 100 




Vl 




= 10 




^I 




= I 




• 
• 


4r, ^v = 


loooooooMj — 5oooooWj 4- 31018^^. 




I, u^, = 


lOOOOOOWg — 1 


jooott, 4- 321*^ 




>t, ^8' = 


100000^3 - 


SOW3 




^, W4, = 


IOOOOW4 


• 




4^,^^ = 


1000 W5 






4^,^e» = 


lOOW^ 






4'V = 


lOWy 






4^>W3,= 


^^s 





But ^,Wi, 4- ^,u^y + ^»%y + &c. = ^,Wj, Wj, W3, &a 
also looooooow^ + 1 000000 w, + 1 00000 W3 + &c. 

being tantamount to writing the dual number as a natural one; 
and 5oooooWj + Sooow^ + S^^s = (looooow^ + looow, + 10^3)5, 
which is the same as to say, five times the first, second, and third 
digits supposing a cipher placed after each ; hence, the truth of 
the rule is established. 



When the analysis of the ascending branch of " Dual Arith- 
metic, a New Art," was being drawn up, the Author first gave 
this Bule, with other short methods of reduction, and some 
peculiar examples to show, among other things, that when the 
Theorems of Taylor, Maclaurin (or rather of Stirling), Lagrange 
and Laplace failed to apply,, the dual method was applicable in 
all cases without fault or failure. 
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Examples 

Ex. I. Reduce 4^3,4,5,6,7,8,9,2, to a dual logarithm, 

>t34>SA7>8j9,2, 

93054 =3 X 31018 
132 =4 X 33 



34661078, 

152025 = 304050 X s 



Dual logarithm = 33140828, 

Ex, 2. Eeduce \ 7,2,6,0,7,8,2,6, to a dual logarithm. 

^- = ^7,2,6,0,7,8,2,6, 

217126 =7x 31018 
66 = 2 X 33 



7282501 8 

351030 = 702060 X 5 

4,, (2-) = 693 1 47 I 8, 

13. To reduce a dual logarithm of the ascending branch to a 
dual number. 

When the given logarithm is greater than 4r>(2'), or ^,(to*), 
we have shown (8), how it may be compounded of multiples of 
69314718, =^,(2), and 230258509 = 4^,(10) and a logarithm 
numerically not greater than (34657359), half the logarithm of 2*. 
Let the remainder thus found be of the ascending branch, and if 
it does not consist of eight places of figures, establish eight 
places by prefixing ciphers to the left ; then apply the following 

EULE. 

Add ^nce, twice, three times, &c. 500000 according as the first 
figure on the left of the sum, becomes respectively i, 2, 3, &a 
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Subtract 31018 times the first figure, which must not alter 
after the operation, but reappear in the remainder. Then add 
once, twice, three times, &c. 5cxx> according as the second figure 
to the left of the sum becomes respectivelj, i, 2, 3, &a ; subtract 
33 times the second figure, which must not change in the operar 
tion, but reappear in the remainder. Again, add once, twice, 
three times, Sec 50, according as the third figure of the sum 
becomes respectively i, 2, 3, &c. and the dual logarithm is 
reduced to a dual number of eight digits. 

This Bule is the eonverse of the last, (12) and requires no 
demonstration* 



Examples. 

Ex. I. Beduce the dual logarithm 547842164, to a dual 
nimiber. 

If twice 230258509, and once 69314718, be taken fix>m the 
given logarithms, the remainder will be 18010428, 

I 8010428, 

500000 = I X 500000 

185 10428 

31018 =1 X 31018 

I 8479410 

40000 = 8 X 5000 

185 19410 

264 =8 X 33 

185 19146 

2 S o = 5 X 50 

.-. »4rS 1,8,5,1,9,3,9,6, = S47842164, 
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JKc. 2. Reduce the dual logarithm 21 1373490, to a dual 
number. 



The given logarithm and '230258509 together gives '18485019 
a logarithm of the descending branch, which may be reduced hj 
Rule (15), which will be found on page 21, 



JEx. 3. Reduce 693 147 18, to a dual number. 

693 1 47 I 8, 
3500000=7x500000 



72814718 

2i7i26=7x 31018 

72597592 

lOOOO = 2 X 5000 
72607592 

66 =2 x*33 

72607526 

300 = 6 X 50 



Dual number = >t 7,2,6,0,7,8,2,6, 



14. To reduce a dual number of the descending branch to a 
dual logarithm. 



Rule. 



Add to the dual number written as a natural number, five 
times the first three digits, supposing a cipher placed after each, 
36052, multiplied by the first digit, and 34 multiplied by the 
jsecond, the sum will be the dual logarithm. 
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Siiice 



Demonstration, 

• •9^1,1,0,1,0,0,0,1,= 
•99^0,1,0,1,0,0,0,1,= 

•999^0,0,1,0,0,1,0,0,= 

•9999^0,0,0,1,0,0,0,1,= 

•99999 ]f 0,0,0,0, 1 ,0,0,0, = 

&c. = &c. 

. • . \, (-9) + ;lf, 1, 1,0, 1,0,0,0, 1, = o ; 
but 4,, 1,1,0,1,0,0,0,1, = 10536052, 

••• \y{'9)-^ 10536052, = ©. 

In « similar way it may be shown that 

>>C99) + 1005034, = 

\y C999) + 100050, = O 

J'* C9999) + loooo, = o 
&c. &c. 

. • . The dual logarithm of 
•9 is negative, and represented by the number 
10536052 written '10536052; 
but '() is written 'i f 

and \y ('9) is written ' i '\ 

In the same way it may be shown that the dual logantkm of 
'o 'i f is equal '1005034 written 

'o'l 'f or 'i 'f = '1005034 

2 

'o'o'i 'f or 'i 'f = '100050 

s 

'o'o'o'i 'f or 'i 'f = 'loooo 

A 

&c. &c. 



DUAL LOGARITHMS FROM DUAL NUMBERS. 21 

,-. \ '^ = icxxxxxx)t\ + 5000001;^ + 360521?^ 
'i;j'f= loooocx)!;, + 5cxx:)i;g+- 34^, 
'v^ 'f = ioocxx)'y3 + Sot?8 

&c. &c. 



But 



and 



Vj ^f + V, 'f + V3 'f + &c. = \ V, V3 &c. 'f ;, 

IOCXXXXX)Vj + lOOOOOOj 4- lOCXXWVg 4- &c. 



being tantamount to writing the dual number as a natural one-, 
while 

5(lOOOOOVi + IQOOV^ + lOVg) = SOOOOOVj + SOOOV, + SOV3; 

which is the same as tying five times the first, second, and third 
digits supposing a cipher placed after each. Hence the truth of 
the rule is established. 

Let it be required to reduce '6'6'o'6'8*2'o'2 f to a dual 
logarithm. 

'6'6V6'8'2'o'2 1 
3030000 = 5 X 6o6boa 
216312 =6x 36052 
204 = 6 X 34 



'693 147 I 8 



15. To reduce a dual logarithm of the descending branch to a 
dual A umber. 

KULE. 

Subtract once, twice, three times, &c. 536052, according as 
the first figure on the left becomes i, 2, 3, &c. which first figure 
must not alter but reappear in the remainder. Then subtract, 
once, twice, three times, &c. 5034, according as the second to 
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the left of the remainder become respectively i, 2, 3, &c. Again, 
subtract once, twice, three times^ &c. 50, according as the third 
figure of the remainder becomes i, 2, 3, &c. respectively. Thus 
the dual logarithm is reduced to a dual number of eight 
descending dual digits. This rule being the converse of the last 
requires no demonstration. 

It is not necessary to say more in this place respe9ting the 
descending branch as it will be fully discussed hereafter, both 
independently and in conjunction with the ascending branch. 
The practical calculator, however, who requires to be indepen- 
dent of tables and possess means by which the accuracy of his 
results may be readily tested, can see, we have no doubt, from 
these preliminary propositions and examples, how dual arithmetic 
completely and simply ftimishes these requirements. At the 
same time an operator employing tables will easily perceive how 
incomparably superior tables of dual logarithms are to those of 
common logarithms. 
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CHAPTER IL 

RESULTS OBTAINED, BY DUAL DEVELOPMENTS, OF SIMPLE 
OPERATIONS CONVENTIONALLY EXPRESSED IN ALGEBRAIC 
LANGUAGE. PRODUCTS, QUOTIENTS, POWERS, AND ROOTS. 

Recapitulation of Conventional Arrangements and Notation^ 
1 6. The dual logarithm of A is written Jr, (A). 

8 

If U = ^ Wj, Wj, ^3, = >t w, 

then \y (U) = Uy and ^, w^, w^, Wj, . . . . = w, 

^,(2) = 69314718, ^,(10) = 230258509, 

A comma is placed on the right of positive dual logarithms, 
and on the left of negative dual logarithms. Thus, 34567844, 
is a positive dual logarithm, the same as + 34567844 a positive 
whole number; and '45678921 is a negative dual logarithm, the 
same as — 4567892 1 a negative whole number. A dual logarithm 
is changed from positive to negative, and from negative to 
positive, by simply changing the position of the comma from 
right to left or from left to right, as the case may be. The 
arithmetical complements of dual logarithms (ar. co.) do not 
retain the comma. To find the arithmetical complement of a dttal 
logarithm; — ^begin at the left, set down minus i, written T, then 
take each of the figures from 9 except the last figure on the 
right, whidi must be taken from 10. 

45665423, dual log. '76543298 dual log. 

"154334577 ar. CO. I23456702 ar. co. 



24 DUAL ARITHMETIC. 

Logarithms of the ascending branch have the comma to the 
right, while the comma is to the left of logarithms of the 
descending branch. 

Examples. 

Ex, I. Find the cube root of 

(i865'655)('0269io98)(848'2i877) 
(3287077X-i346S96SS)(6296-i68) 

Ans. -53462388 

Representing by (A) and (B) the numerator and denominator 
of the fraction. 

(A) (B) 

3, 4^,(1*865655) =62361219, R 
*2 Jr,(2'69i098) =98994929, 'i 
3, \l -8482 1 877)=' 1 646 1 667 4, 



U -3287077) ='111258635 

>!^,(i-34659SSS)= 29758037, 
4r,( '6296168) = '46264392 

4, 144894481, 6, '127764990 

'6 127764990, 

372 272659471, 

o and '2 over '4605 17018 \y {id) 

For the cube root) x, ^ ^ 

divide b7 j3) ^87857547 

'^='?S3^^^^ } '62619182 i ,^ 0,6,7,2,5,8,8,8, = -53462388 

These dual logarithms and the natural number answering to 
the resulting dual logarithm ('62619182), may be independently 
calculated at once by the methods and rules laid down in the 
preceding chapter, or by any of those detailed in " Dual Arith- 
metic, a New Art" 

17. If tables of dual logarithms be employed, like those 
described (11) ranging from I'oooooooo to 2*99161136 and from 
•299161136 to '999999999, the required numbers are obtained 
by mere inspection, and with far less inconvenience than with a 
table of common logarithms. 
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The nnmber of places of figures the decimal point has to be 
removed to the right or left, heing noted, (C), the dual logarithm 
of any number, as 1*865655 may be employed to represent the 
logarithm of 



•001865655 


'3 


•01865655 


'2 


•1865655 


'I 


1865655 





1865655 


I, 


186^5655 


2, 


1865^655 


3. 


&C. 





(0) 



In practice it is not necessary to set down, as at (A), (B), (C), 
the number of places which the decimal point is removed to the 
right or left to produce the number to be operated with. 
Indeed, the final number C2) found by taking the amount of 
B (6,) from the amount of A (4,) may be instantly counted before 
commencing to operate. 

Eeferring to (A), (3,) with the comma to the right is considered 
positive, and signifies that the period is to be removed three 
places to the right to bring 1*865655 to 1865*655. Again '2 
with the comma to the left, is considered negative, and indicates 
that the period removed two places to the left will bring 
2*691098 to *0269i098 ; and so on. 

If the value of 

(i865*655)(269i'o98)(848*2i877) 
(328*7077)(r34659655)(629*6i68) 

had to be found, then (A) and (B) would become 
(A) (B) 



y 



3> 
9. 



3. 9. 

o '6_ 

3, For the cube root divide hy 3 ) 3, 

6, I, and o over. 
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In the first case '2 does not contain 3 ; then '2 is over and 
twice the dual logarithm of 10 is incorporated under a negative 
form with the amount 272659471, ; in the latter case, the natural 
number corresponding to the dual logarithm answering to the 
amount 272659471, has to be multiplied by 10; or the natural 
number answering to 424CX)962, must be multiplied by 10. 

For, 

272659471, 

230258509, J,, (10) 
^, (1-52807622) = 42400962, 

152*807622 is the result in the latter case. 

It is almost unnecessary to remark, that, instead of adding and 
subtracting as above, the resulting logarithm may be found by 
addition. 

18. Before taking the arithmetical complements, the commas 
of the logarithms of the dividing factors have to be changed 
from right to left, or from left to right, as the case may be. 
Then, the arithmetical complements of the logarithms with the 
comma to the left, if that class be least in amount, have to be 
taken. On the contrary, the arithmetical complements of the 
other class, if that class be less in amount, are to be taken, (12). 

4^,(1-865655) 137638781 ar. CO. 

^,(2*691098) T01005071 ar. CO. 

i, (-84821877) '16461667 

ri, (-3287077) 1888741365 ar. CO. 

Divisor -j I (1-34659655) ^29758937 

\^, (-6296x68) 153735608 ar. CO. 

i, (lo'o '460517018 

3) ^187857547 
^, (-53462388) '62619182 . 

It is evident that no allowance has to be made on account of 
having to employ arithmetical complements, which is one of the 



PRACTICAL EXAMPLES. 2/ 

many advantages of this over any other system. The manage- 
ment of common logarithms is rendered difficult because the 
decimal part is always taken as positive, and is the only part given 
in tables, while the whole number or indices may be either 
positive or negative; for example, the common logarithm of 
.00012345 is made up of two parts, — 4 and + 901491 1, written 
4-0914911. 

Ex. 2. Find the cube root of 34*5 ^ 76'3 x 355' j ^^^ 

•^ 84-0 X 36-6 X ^^7' ^ 

ascending branch involving powers of lO' and 2* and also hy the 
shorter method hy addition and powers of only lO. 

Since 

3'45 X 7-63 X 3 55 ^ 34'5 x 76-3 x 355^ 
8-40 X 3*66 X ^'^7 84-0 X 36-6 X 887-' 

then 

4'>(3'4S)» = 123837420, ;lr,(8-4o) = 212823170, 
i>(7*63), = 203208780, i,(3'66) = 129746310, 
]f*{i'SS)y = 1 266947 so, j,(8*87) = 218267470, 

453740950, 560836950, 

These dual logarithms may be found at once by the methods 
given in the previous chapter, and in *' Dual Arithmetic, a new 
Art," page 213. These methods, however, will be considerably 
simplified in the course of the present work. 

+ 453740950, = 4r,(3-45) + 1,(7-63) + 4r>(3'5 5) 

- 560836950, = 4r,(8-4o) + 4r,(3-66) + 4r,(8-87) 
For the cube root) . ;: 

divide by [3) -107096000. 

— 35698667, = log of required cube root. 
4., (2) 69314718, 

3361605 1, log of 1-39956362 the half 
of which is '69978181 the cube root required. The nearest 
number corresponding to the dual log - 35698667, written 
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'35698667 may be found by the methods indicated above. If 
required, the number could as easily be obtained to eight, 
nine, &c. places of decimals. The result — 2365333, being 
negative, the addition of log 2 renders it positive, then 
1*39956362 has to be divided by 2. 

Second and shorter method. 



g 2, 

g 3> 




^.(•345) = 


'10642 1089 




^.(763) = 


'27049728 


^ 3, 




^.(•355) = 


'103563757 


2, 


• 
U 



( UMo) 


182564661 ar. CO. 


•a 3. 
B 3, 




U-366) 


T899487802 ar. CO. 


• 1-1 


( ^,(-887) 


T88008963 ar. CO. 


diff. 




3) 


'107096000 



|,C69978i8i) = '35698667 = '3Voyo'3ys t 

It requires more skilled labour to obtain similar results by 
common logarithms, for common logs are made up of a combina- 
tion of whole numbers and decimals ; besides, as before observed, 
the common log of a decimal fraction is" part positive and part 
negative, while dual logarithms are always whole numbers, either 
positive or negative. 

Ex. 3. Find the valtie of \ , -^— > to nine places of 

. I V66-8 X -947 ) 

decimals. 

66-8 X '947 = 6*68 x 9-47 
•0376 X 19-8 = -376 X 1-98 = (A) 376 X 1-98 

^,(1*98) 68309680, >t,(6*68) = 189911790, 
i»(376) 132441890, \>{9A7) = 224812880, 

+ 20075 1 5 70, Square root 2 ) 4 14724670, 
4r,(io) - 230258509, 207362335, 

For cube root 3 ) -r 29506939, 

- 9835646, 
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- 9835646, 

- 20736233s, 

- 217197981, 

2 



7)- 434395962, 

— 62056566, 
4., (2) = + 69314718, 

7258152, = ^, (1-07528041) 
2) 1-07528041 

•537640205 required root 

Shorter method involving ^,(10.) hut not >^,(2.) 

(A) ^ (B) 

I, ^,(r98) 13 1690320 ar. co. 2, 4r,(.668) = '40346718 

'l i>C376) = '97816619 o i,C947) = '5445629 

o 3) '29506939 2)2, 2)^45792347 

'9835646 I, '22896174 

T77103826 ar. CO. T77103826 

'230258509 

'217197981 
2 



7) '434395962 



'62056566 = >t,(-5 37640205) 

19. The small numbers under (A) and (B) may be omitted in 
practice, and also ar. co. to designate the arithmetical comple- 
ment, which is sufficiently indicated by being always preceded 
by minus one (T). 

Ex. 4. Multiply 5486-48128 hy 386*344448 and take the 
square root of the product ; and also the fifth root. 

5486-48128 = 2^ • 10' . (1-37162032) 
386-344448 = 2 . 10' . (1-93 172224) 
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J„(i-37i62032) = 31599277. 

4r,(l'93 172224) = 65841 199, 

5^,(10) = 115129254s, 

3 4r,( 2) = 207944154, 

2 )1456677175, 

728338588, 
^,(10^)= 690775527, 



Again, 



37563061, log of I 45 590923- 
. \ 1455*90923 is the required square root. 

5 )1456677175, 

291335435. 
^,(10) = 230258509, 

61076926, = (1-84184672) 

.^ 18-4184672 is the required fifth root. 





Practical Method. 


4. 

3. 


Jr,("548648 1 28) T39970204 
^,(•386344448) T04897408 


2)7, 




3, and i, 


over |,(io.) = 230258509, 




2) 75126121, 




4^,(1-45590923) = 37563061, 


• 
• • 


1455-90923 = square root 


5)7> 


T39970208 
I04897408 


I, and 2 


5, over J,,( I o'*) = 4605 1 70 1 8, 




5)305384630 



4r,(i'84i84672) = 61076926, 
18*4184672 = fifth root. 
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20. It may be contended by some that such results as we have 
obtained might be more conveniently and expeditiously found 
by a common table of logarithms. To which we reply that 
without the use of tables of dual logarithms our methods might 
require more labour, yet their results may be depended upon 
and tested for their accuracy up to the last figure. It must be 
remembered thf^t the effectire use of a table of common loga- 
rithms is acquired only from considerable practice, and even 
when this skill is attained, we have no means of testing our 
results. All that we can be sure about, supposing the tables to 
be correct, is that the first five or six digits of the products, 
powers or roots of numbers, obtained firom logarithmic tables to 
seven places of decimals can be depended on, though we^have no 
independent methods of testing the results. 

In every respect tables of dual logarithms such as described 
(L and n.) in section (11) page 12, are incomparably superior to 
any tables of logarithms that have hitherto been calculated. 



Ex. 5. Find the f root of 8325 16529, 

•8325 16529 = A (1-04064566) = A I O4,o,04>OA3. 

* 

4 04A04A0,3> = 39841 3 5 
1,(8) » 207944154 

+ 21 1928289 
^,(10) - 230258509 

*- 18330220 
3 

5)- 54990660 

— IO998I32 

1,(2) + 693I47I8 

58316586 = I 6,1,1,3,54,9,5, = I79I7OI65 
2)179170165 

'895850825 the required root 
a 
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Shorter Method, 

4^,(832516529 = '18330220 

.._ 3 

5X 54990660 

4r,C89585o825 = '10998132 

Before the iDtroduction of Dual Arithmetic, the calculator 
would find it difficult to solve such a question as the last without 
tables. By means of a table of common logarithms, he might 
worm out '89585, and no more. But whether this result was 
right or wrong, he could not decide with any certainty, unless 
he constructed a whole table of logarithms. 

In many cases tables of common logarithms are found to be 
very inconvenient Thus, if it were required to find the value 
of ('O/)*^ by logarithms, the operation would be as follows, 

common log of (-07) — 2 -f '8540980 

•07 



— -14 + -059156860 = — '08084314; 

a result which is negative, and therefore cannot be found in a 
table of common logarithms. 

But, 
- -08084314 = - 1(1 - '08084314) = - I + -91915686, 

written 1*91915686 



REDUCTION OP ORDINARY rORMUL-Sl FREQUENTLY 

EMPLOYED. 

21. Let 2P lO'^Wj, u^, Wg, be the dual number corre- 
sponding to the common number N, and n the dual logarithm of 

s 
\ Wj, Wg, u^y . . , , ^ that i& \u^, u^y u^, = ^ w, 
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Then 

8 
N = 2i> IO« 4rWi, W,, W3, = 2P IO« ^ «, ; 

To avoid the use of the bases 2 and 10 in the expression 
2^ lO' we may write it under the form jp* y, the inverted comma 
between the p and y indicating that the base 2 and 10 are sup- 
pressed. 

Thus, 

In applying the same notation to any other common num- 
ber M, then, 

.'. VN*~+M*= {2p* 2y ^2n, + 2r* 2«^27n,}* 
Of m and n let 9» be the greater. 

Then, 

^ ' ^'(.2r*2« \2n ) 

^r'B\n {2(j> — r)* 2{q — a) + ^2(w - w),}* 

{2(p — r)' 2(j — «) + \2{m — 7i),} may always be reduced to 
the form 2 a' 2 & ^ 2 c, and ^ 2 (m — n) is less than 2, since neither 
m nor n can ever be equal to 2. The square root of 2 a* 2 J ^ 2 c, 
= a' h \cy 

Ex. 6. Find the value of 

^(635-297388)' + (2536-92174)" 
Here 

M = 635-297388 = 2' 10' (1*58824347) = 2' 2 4r 46262870, 
N = 2536-92174 = 2* 10' (1-26846087) = I* 3 4r 23780432, 
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The calculations with 2 and lo are extremely simple. 
^2(tii - n), = 1 44964876, « I '56776145 

io' 10' 10' 

-^ + 1-56776145 = -p (i + -062710458) = -^ 1 6082269, and 

corresponds to the expression 2 a' 2 j^ ^ 2 c, 
Hence, 



^(635-297388)" + (2536^92174)* 
= 2"io*^2378o432, J ^304113$ 

«t 2 X 10' Jr 26821567, = 2615*258^^ 

And in this way the value of any expression of the form 
VM* + N* can be obtained, whatever mimbers M and N may be. 

It may here be noted that such an expression as this cannot be 
solved by common logarithms, except by adapting the expression 

VM^ -f W" to logarithmic computation by means of the intro- 
duction of a subsidiary angle — a method which requires the use 
of logarithmic tables of Trigonometrical functions. 

The value of (N" ±^ M.^ , may be found in a similar manner. 

Thus to find the valUe of ^(4567-834Q» - (432i-695)i to 
nine places of figures. 

(4567-8346)«={2'io'(ri4i9586s)]'=(2» 10'^ 13274495,}! = 2*10'^ 88496 
(43it-6g5)M2'io»(i-o8o4237S)}'=[2»io'4r 7735337,}' =2^0*4^51568 

36927 
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i of SI 56891 = 17 1 8964 and ^ 3692772, = i "03761 800; then 

((4567-8346)1 -(4321-695)1}* = 2»I0l,t 1718964,(1-03761800 - l]* 

[I-0376I800 - ij* = 1^, (1-88090000)]* = [^ i 63175040,1* 

-•^'t 21058347, 

2* ^ 1718964, ^21058347, = ^ 76688758, = 2-15305460, the 
required root The general reasoning employed in the last 
example may be applied to all examples of this class. The more 
complex methods of reduction are designedly employed. 

To find the value of VM* — N*, which cannot be found by 
ordinary logarithms without the use of subsidiary angles by the 
dual method. 

Ex. 7. To find the value of V(i5676o6soi)'- (12649-47259)* 
to nine places of figures^ 

Since, 

(A + B) (A - B) = A* -. B' 

Put 

M = A + B, and N = A - B ; 

According to the notation before employed, 

M =p'q^u, =jp*y |w, 

N = r's ^u, = r'«^w, 

^2 2 

M = 28325-5376 == 1*4 ^34803152, 
N = 302659242 = 1*2 ^41429021, 

27^76232173, 

1*^38116087, = 2' 10''^ 38 1 16087, 

= 925904208. 
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EXAMPLES ON THE NOTATION FOR THE BASES 2 AND lO, APPLIED 
TO QUESTIONS OF INTEREST AND ANNUITIES. 

22. The notation previously employed will be rendered more 
complete^ in many cases, by putting one letter instead of two to 
the left of the sign ^, to express the combined powers of 2 
and I a It will be found ,that this contraction will neither 
render expressions obscure, nor curtail their generality. 

N = 2P io« ^Wj, u^,u^i = 2P io« \^n, 

was expressed under the form 

N =p^q \u . . . . =p'2' \ny 

which by the method above indicated will become 

N=;:n^w =n^w, ; 

where the italic (n) represents the dual logarithm of the dual 
number 

^^ or^t^j, Wg, W3, ; 

and the roman (n) represents 

p' qox 2P io« 

Log of N, = ^,(N) = ^,(n) + w, 

{2P 102}^ = 2^ 10^ = vp'vq = VVL, 

V being a whole number or a fraction, positive or negative. 



8 



Again, let 

M = 2^ io« \u^, u^y %> " . = 2** io« ^ m, 

Or 

M = r'« ^^1, = r s ^m, 

Or 

M = m ^Wj, = m ^w, 
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Then 
M X N = (m + n) ^{u + u^ = (m + n) ^(m + n), 

so that 

111 + n indicates (p + r)' (q + s), or 2P + *" io« + *. 



And 



M 

:j^ = (m — n) ^ (w^, — w) = (m — n)^(m — w,) 



Then 

m — n indicates (r — p)* (« — q) or 2'— ^ lo*""^ 

Hence, it must be obserred, that in the addition and sub- 
traction of the small roman letters to the left of ^, the powers 
of 2 can only combine with the powers of 2 ; and powers of lO 
with powers of lo. 

For examples in interest and annuities : 

Let 

P denote the principal in pounds. 

I the rate of interest. 

r • 

t the interest of one pound for a year, = 

Y the time in years. 

M the amount of F at compound interest 

R = (r + i) the amount of one pound in a year. 

23. Then it is shown by elementary writers that, 
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Ex. 8. How much would £327*436 (P), amcunt to m (Y) 
2J years (U 3^ (I), per cent per annuwiy compound interest f 

Here 

P = 327436 

Y = 27 
And 

And P, T, and I are given to find M. 

P being a common nmnber can be expressed^ as shown above, 
in the form 

2^* 10* ^p, or p ^py 

And B being less than 2, since 

100 100 

can be expressed in the form 

.-. M = PE^ = p^l>,^Tr, = p|(Yr+|>), 
E= ro3S =^3440148, 

E^ = 1 27(3440148), = ^92883996, 
P = 2* 16* {v6s7iSooo) ^p^p,^ 2' 10' ^49297588, 

M=PE^=2*io'^49297S88, ^92883996, 

=2*10"^ 142181584, = 2' 10*^(2(69314718) + 3552148} 

= ^' 16" 1 355 148, = £828*927884. 
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JSr. 9. How miich money must be placed out at compound 
interest to amount to £3,0CX) in 20 years, at 5 per cent. ? 

24. Here M, K, and Y are given to find P. 

P = — = -p^^— ' = m 4r (w - Yr), 

But 

M = 3000 = 2^ 10' 4^40546562, = m^m, 

Y = 20. 

K = 1*05 = ^4879021 = ^r, 

.-. K = J'Yr, = 4^(4879021 X 20). 
= 4^97580420, = 24^28265702, 

p __ m^my __ 2^ 10^ 4^ 4054 65 62^ 
"" 4rYr, "" 2 4 28265702, 

= 10'^ 12280860, 

= £1130*66794 

Ex. 10. At what interest must £422*3575 be placed out to 
amount to £666'666 in 1 5 years ? 

25. Here M, P, and Y are given to find I. 

T> _ (^\\ _ (m-p)j,(m-y), _ m - p , m-j> 

jx — I p-p Y Y — ^ Y ' 

M=666-666 =2*10^^(1*6666500) =3* 10^4^5 1083464, = m|m, 
P = 422-3575=: 2* io'(i-o5589375) = 2» 10*4, 5438761,= p|;>, 

-p =4^45644703, 

... E = ^^, = ^^^^^, = ^3042980, = 1-03089748. 

K = (I + t) 

.-. t = 03089748 and = t 

.*. I = 3 089748, the interest, or rate per cent. 

H 
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Esc lU What wm £q2j lOf. ammnt to «i iS jflttri, «l 6jwr 

26, Heie 

B, T, P, arc given to find 31 M = PR^ 
R=i03: T = 36; P = 927-5. 

B = |r, = 1 2955883, 

R^ = I Tr, = 1 36(2955883)- = 2 1 37097070. 
P = p|/j, = 2* id*| 147881 10, 

M«PR^ = P|(Yr+/>), = 2*irf|5i^5i8o, =£2688-159856. 

£& 12. In haw many yean wtU a sum of momeyj leni at 5 per 
cent, per amnum, ecmpound interest, double itself? 

27. Here M, P, and R are given to find T. 

M = 2P.. PR^ = 2P R= 1-05= 14879015. = ir, 

R^ = 2 

.-. I Tr, = 169314718, and Yr = 69314718 
^ 69314718 6*14718 _,o 

Y = ^^^^^ = ^^^ = 14-2068404 ye«s. 

When A = a ^ a, that is, the common number A s the 
common number represented bj the dual log a, multiplied b j a. 
\, (A) = ^, a + a, or the dual log of A = the dual log a plus a, 

Thus 

2688159856 = 2*io"|5i885i8o, 

.-. I, {2688-159856) = |>(2* 10") + 5 1885 180, 
The use of this is seen in the next example. 
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Ex, 13. In how many years mil £2221 '65592 amount to 
£5942*8 1 772 at 4^ per cent per annum, compound interest t 

28. Here R, M, and P are given to find Y. 

PR^ = M 

Y M 
R = p =(m-p)4,(«i-^), 

.-. |,(R^) = Yr, = (m -p), -f Jr, (m - p) 

r 
R = i'0475 = ^4640641, =^r, 

. M = 5942-81772 = 2' lo'l 39578905, 
P = 2221-65592 = 2* 10'^ 105 10570, 



Y M 
R =p-= 2 4,29068335, = (m-.p)4r(w-jp), 

4.(R^) = ^Yr, =198383053, 

.-. Y = ^ } ^^^^ = 21-200316 years. 
4640641 ^ -^ 

29. To find the amount when the principal is increased by 
the interest every year, and another sum at the same time. 

If A be the sum added every year, the first A will be at 
interest Y — i years, the second A will be at interest Y — 2 years, 
and so on ; 

. \ the sum of their amount will be 
AR +AR + . . . AR =A(R + R +..1.) 
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The sum will be A ^ ^ — , since the terms within the paren- 
thesis form a geometrical progression. But the amount of the 
principal P in Y years being PR , therefore the whole amoimt 

M = PR'' + A^-5^; (I), 



When A = P, then 



R^^^-i 



M = P^^g— ^; (2). 



When A is not added the last year, then 



M = PR^+AR5__ZLi; (3). 



In the last case let A = P, then 

M = Pr|^; (4). 

If instead of 1P = A, in (i), P = o, then we have the amount 
of an annuity A, at compound interest, left unpaid for Y, years, 

R^- I 
or, M = A^-— j-; (5). 

If P be the present value of an annuity A for Y years, 

then PR^ = A^,orP = ^{r--J^}; (6). 

xC 
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In (6) when Y is infinite, — = o, then, 

^=B^r (7). 

the present value of an annuity to continue for ever, or present 
value of a perpetuity of £A per annum. 

Suppose an annuity to be in reversion, that is, not receivable 
until Z years have elapsed, then the present value for Y + Z 
years, minus the present value for Z years, gives the present 
values for Y years after Z years have elapsed, that is 

P A r __^l A r _^l _^ A f _ a 

R-il j^z+Yj R-il ^zf jjZE-il jj^Yj' ^^ 



JEc. 14. Suppose £500 put out at compound interest at 4 per 
cent per annum^ and that S,\2ois added yearly to the stock ^ what 
will he the amount at the end of the I2th year ? 

The £120 is not added at the end of the 12th year, as it would 
not bear interest. 

.-. By (3), M = PR^ + AR ^^ "^^ 

= PR^ + A^£^ 

When P and A are round numbers, it will be found more 
concise not to take their dual logarithms; in this case the 
derived form of (3) will be found convenient. 

Here 
R = 1-04 = 4,3922075, =4r>-, P = 5oo. A =120. Y=I2. 
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. •. B = ^ 12(3922075), = 4, Yr, = 1 470649CX), = 1-60103287 
Y 

E - R = 1-60103287 - 1-04 = -56103287 

Y 

PR = 1*60103287 X 500 = 800-51639 
M = PR^ + A \ ~^ 

xC — I 

o - ^r . 120 X -56103287 

= 800-51639 + 

•^ "^^ 104 - I 

= 80051639 + 168309861 

= £248361500 

£b. 15* Find what an annuity of £$0 will amount to in 
20 years aJt 3 J per cent compownd interest 

Y 

M = ^^Si ' ^^^ (5) page 42. 

8 

R = 1-035 = 4^0,3,4,5,5,2,4,6, = 4,3440145, 

Y 20 8 8 

R = (I 035) = ^20x3440145, = ^68802900, = 4'7»2,o,9»S,7A8, 

and 

4r7,2,o,9»S,7A8, = 1-98978978; 

Then 

These reductions and processes may be more concisely in- 
dicated thus, \y (R) = 4^, (1*035) = 3440145, 

4,, (R^) = T|, (R) = 20 X 3440145, 

20 X 3440145, = 68802900, = 4^ (1*98978978) 

Then 

:9897897_8^S^=X4i 3-9853 
•035 ^ y :?o 



PRACTICAL REDUCTIONS. 
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30. The work employed to effect the transformations and 
reductions of the previous Example, without being abridged, may 
be arranged as follows. 

To find a dual number corresponding to 1*035. 

^0,3, = 1.03030100 ) 1*03500000 ( i'oo456o8i 

' ' ^ 1*03030100 



469900 
412120 

57780 
51515 

6265 
6182 



83 
82 



To reduce i '00456081 to a dual number. 



100 



s 
4,4 



456 

400 



100:055 



08 I 

600 



48 I 

22 2 



4(55-4) 



1000 



4 

Is 




1000 



0524 



9 
o 

9 
3 



5(0-5) 



1*00005 246^*4,5, = 1*00456081 



For other methods, see " Dual Arithmetic, a New Art," 
pp. 10 to 28. 
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It is clear that 

1*00005246^5, = I 00055259 

and 

3 
I '0005 5 259,^4, = 1.00456081, 

••• 1035 =>If 0,3,4,5,5,2,4,6, 

To reduce 4^0,3,4,5,5,2,4,6, to a dual logarithm, (12), p. 15. 

4^0,34,5,5,2,4,6, 

99 =3 X 33 



034SS34S 
001 5 200 = 003040 X 5 



4^1 0,34,5,5,2,4,6, = 3440145, 

To find the natural number answering to 

3440145, X 20 = 68802900, 
see Eule, (15), p. 21. 

68802900, 

4^,(4) = '69314718 

'511818 

250 = ^^3(50,) 



511568 = 'o'oYi'iY6'8t 
. •. 'o'o'5'i'i'5'ff8 't 2 = 68802900, = 4,, (1-98978978) 

It may also be shown (13), p. 17, that 

68802900, = 4r,7>2AaS»7A8, 

and 4^7,2,0,9,5,7,0,8 = 1-98978978 

3 1. The next example^, numbered I. II. III. &c. may be con- 
sidered an amplification, and are selected to illustrate other simple 
but important dual reductions which have often to be made. 
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PRELIMINARY REDUCTIONS OFTEN REQUIRED IN CALCULATING 

THE ROOTS OP EQUATIONS. 



20 

L If ^7,0,0,0,0,0,0,0, = R ; then R = ^0,3,3,5,0,9,0,7, 

Beduction, (12). 

217126 =7x 31018 

^ 7,0,0,0,0,0,0,0, 
Subtract 35 =7^5 



20 ) 66717126, 

03335856, 
0015150 = 003030 X 5 

033s 1006 
99 = 3x33 

.-. (13) R = ^0,3,3,5,0,9,0,7, 

It is scarcely necessary to add that, 

Eeduction, (12) 

signifies that the succeeding reduction is made according to the 
principles explained in article (12); and that •*• (13)5 denotes 
therefore by article (13). 

20 
II. If B =>|f 7,0,0,0, then It = >If 0,3,5, nearly; this result 

may be found by mere inspection, for taking the dual as a 

common number, we have 

-^ =s -035 which is a little over '0335 

.'. >If 0,3,5, = >If 0,3,3,5, .... nearly. 
The succeeding remarks should be particularly observed. 

32. ^" Dual developments never result in approximate 
values ; however unlike equal dual forms may appear, every form 

I 
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of the required value is true to the designed degree of accuracj, 
which may be as great as we please. From the flexibility of 
dual numbers we are not obliged to resort to trial and error, nor 
are we confined to one set of numbers and particular narrow 
intervals to exhibit required results. .^1 28. 

IIL In the above example 

R = ^ o,3,3,SA9A7» = i '03392 1 16 

R = 'o'o'i'4'8W3>IfO,3,5» = 1-03392116 



ana 
also 



In finding >|fO,3,3,5,o,9A7> = 1*03392 116 in a direct manner 
without being obliged to retrace our steps, 1*03392116 is not 
found by approximation because 'o'o'i'4'8*9'4'3 ^0,3,5, is also 
found equal to i "03392 116 by a like direct procedure. 

20 
IV. If >|f 0,0,9,0,0,0,0,0 = R , then R = >|f 0,0,0,4,4,9,7,8, 



Reduction. (12). 

\ 0,0,9,0,0,0,0,0, 
Sub. 000045 

20 ) 008995 50 

\ 0,0,0,4,4,9,7,8 

^-^ = 00045, which is not much greater than 004497S. 

33. When the first three dual digits are zeros, or >|f 0,0,0 

the remaining five dual digits may be treated, and reduced as if 
they were common numbers ; for example, if >|f 0,0,0,9,8,0,2,8, = R', 
then R = >|f 0,0,0,3,2,6,7,6, See Article (9). 

Reduxition. 

3 ) 4, 0,0,0,9,8,0,2,8, 
\ 0,0,0,3,2,6,7,6, 
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This property may be generally established thus, the dual 
logarithm of ^o,o,o,u^u^u^u^,u^^ 

written ^, o, o, o, u^ u^ u^ w^, u^ (See page 9). 

is equal ioocx)w^ + lOOOWg + ioom^ + low, + u^ 

and is the natural number expressed by the dual digits taken as 
common digits. 

i f 

V. If R = >If 2,3,4,5,6,7*8,9, then R = >!. 2,5,0,7,3,9,3,2, 

Reduction. See Articles (12) (13). 

62036 +twice3ioi8 
\ 2,34,5,6,7,8,9, 
Subtract i o i 5 2 o — five times 2,03,04,0 

99 + three times 33 



22503724 
3 

2) 67511172 

33755586 
5 

7) 168777930 

241 1 1 133 
+ 10 -f twice 5 



25 I I I 133 

62036 — twice 31018 



25049097 
+ 2500 H- five times 5 . . . 



25074097 

I 6 5 — five times 33. 



>t 2,5 A7»3,9»3»2, 
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34. These reductions are so readily effected, and so fully illus- 
trated here and elsewhere, that, in future, such trifling calcular 
tionSy in most instances, will be omitted, and in such cases, for 
example, we shall say, 

20 

if B=^7, .'. R =>If 0,3,3,5,0,9,0,7,; 

if R = ^ 2,34,5,6,7,8,9, .-. R = ^ 2,5,0,7,3,9,3,2, ; &a 

m p 

n q 

It is a very easy dual operation to find R when R is ^ven, 
yet a| practical solution of this simple problem, without the use 
of tables, defied the combined skill of mathematicians before the 
Author, Oliver Byrne, discovered and developed dual arithmetic. 



QUESTIONS RELATING TO INTEREST AND ANNUITIES 

CONTINUED. 

Ex. 16. Suppose an annuity of £^0 to amount to £1413*98528 
in 20 yearSy what is the rate per cent, compound interest ? 

From (5), page 42, 

or MR - AR^= M - A 

20 
.-. I4I3-98528R- soR =1363-98528; (K). 

R = I, will satisfy equation (K), but this value of R is not 
admissible, since R is always greater than i. Hence another 
value of R must be found, such that 50 times R in the 
20th power taken from 1413*98528 will leave a remainder 
= 1363*98528, (K). Many dual numbers may be found, and 
each reducible to R= 1*035, which will also satisfy equation 
(K) ; one set of these dual numbers will be presently foimd, 
showing that when 

30 

R = i 7»2,o,9>Si5 A3» then R « >If 0,3,4,5,5,2,3,6, = 1035 
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35. It has been proved in particular cases (27) (I.) (II.) 
&& and it will be generally established hereafter, that if 

B = ^u. i • and B = ^w . . . then the ratio of ^u . • to ^w . . 
taken as natural numbers approaches the ratio of n to 99». This 
knowledge would be of Uttie value unless we also had the 

power, when B is given or assumed, to determine B true to the 
limit of the designed degree of accuracy, and besides every path 
pointed out by the ratio of n to m should lead in a direct way, 
without deviation, to the exact value sought These demands 
are fully supplied by dual arithmetic. Nor is this all, for we 
may take dual digits much greater or much less than any 
particular digits pointed out by the ratio of n to m, and yet 
obtain, without guessive artifices, a result as near the truth as 
we please. Since this method gives the same result, as near the 
truth as we please, by several direct processes, it presents a 
series of direct operations, and not a succession of approximate 
trials. A method may be direct, and yet give results that con- 
tinually approximate to correct results. 

Betnming to equation (K) which may be put under the form 

20 
ax — hx =s c 

In which 

a ^ b ^ c 



The fraction that — is of J will point out the first dual digit. 



20 

20 "" 20 



= 70. 



, a 50 . . 

6 -! — - = = '7 

20 70 . . ^ '" 



20 



If R =^7» then B = ^ 0,3,3,5,0,9,0,7, (34). 

>If 0,3,3,5,0,9,0,7, (i) >If 7 AO,o,o,o,o,o, (i) 

+ I4i3'9^528 (2) - 500000000 (2) 

+ 1461-94934 (3) - 97-4358550 (3) 
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(2) multiplied by (i) produces (3). This arrangement is 
maintained throughout. See " Dual Arithmetic, a New Art," 
pp. XX vi. and 173. 

In finding a second convenient dual digit for a dual value of 
20 
R , many of the succeeding figures might have been omitted. 

+ 73* ifcof +1461-94934 
-97' once - 97'435855 

- 24 1364-513485 take 

1363-985280 from (K). 

-24) --528 (-l->IfO,2, 
-^ 

.36. It may be observed that the method above instituted re- 
sembles common division, but the quotient figure is a dual digit, 
and may be in excess or defect, greater or less than 9, without 
involving error ; the case is otherwise with common division. 

20 
If r =4rO,2, then r = ,|, 0,0,0,9,9,5,0,3, (34). 

20 
The remainder of the process employed to find R and then 

(34) R may be arranged in the succeeding order. 

Mult, by 4r 0,0,0,9,9,5,0,3, 4rO,2, 

+ 1461-94934 - 97-4358550 

gives 1463-40468 - 993943 157 

+ 7317 iis of + I463-40J468 
-99-39 once - 99*3943157 



- 2622 ) 1364-01 

1363-98 



— 2 

— 2 



03643 tnke 
530 from (K) 



506 (+ >If 0,0,0,9, 
358 



If r^^ = ,1, 0,0,0,9, then r, = ^0,0,0,0,4,5,0,0, (34). 
Mult by >|f 0,0,0,0,4,5,0,0, 4^0,0,0,9, 

+ 1463-40468 - 99*3943157 

gives +1463-47055 -99-4838064 



ROOTS OF PARTICULAR EQUATIONS. 
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+ 7317 
- 99-48 


+ 1463-470 
- 99483 


55 
8064 


— 26-31 


-f 1 363 986 

+ 1363-985 


7436 take 

28 from (K) 




-2631) -I 

I 


4636(|o,o,o,o,5>5,6,3> 
3155 

148 1 
1316 

165 
158 



and 



R = 



20 



.-. R = i 7>2,o,9.5,S A3> 
^0,3,4,5,5,2,3,6, = 1-03499987 = 1-035 nearly. 



The rate per cent, may be said to be 3 J. 

If onr decimals had been carried out sufficiently far, we should 
have obtained i'035 instead of 1*03499987. This example is 
the reverse of example 15, page 44. 



Ex. 17. An annuity of £140 left unpaid for 33 years 
amounted to £1665071552, compound interest; what was the rate 
per cent, ? 

According to the formula employed in the last problem 

33 
1665071552R- 140R = 1651071552; (K) 

R = I satisfies (K), but this value of R is not admissible, for R 
is always greater than i. If the operation of extracting the 
next root to i, be commenced with 6, 7, 8, or 9, respectively, 
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then it will be found that 



33 



E = 




= 9'32S 



38 



It is evident that 8 may be substituted for B , since 8 times 
140= 1 1 20, which approaches '0/ times 16650. How to find 
such Hmits of the values of unknown quantities will be discussed 
presently. However, in this equation (K), 

the 33rd root of 6 = ^0,5, ... the 33rd root of 7 = ^0,6, . • .* 
the 33rd root of 8 = >IfO,6, . • . & the 33rd root of 9 = ^0,7, . . . 

Hence, a mistake can scarcely be made, even by those ignorant 
of the theory of equations, so great is the range of convenient 
dual forms which die required valtie may be made to assume. 



33)^207944154, 


= dual log. of 8 


06301338 




^ 0,6,3,3^ 


,1,2,9,0 - 33rd root of 8. 


Multiply by ^0,6,3,3,1,2 


!,9,o 


8^ 


+ 16650 . . 


• • • 


- 140 


gives + 17733 • • 


• • • 


— 1120 


+ 537 A of 


+ 177 


33- 




— 1 120 once 


— 11 


20. 


1 • « • » 


- S83) 


166 


13- 


• • • • LSvK6 




165 


10 . 


.... from (K) 




— I 


03 
58 


(+ii, 



If 



33 



r = 4, 1, then r = ,1,0,0,2,8,8,9,1,9, (34). 
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55 



Mult by 4^0,0,2,8,8,9,1,9, 

17733 

Eesult 17784 

+ 538 . . ^ of 
— 1232 . . once 



4,1, 

- 1120 . . 

- 1232 . . 



+ 177814 

- I23'2 



- 694) 



16552 

1651 



.... take 
o from (K) 



-42 



(4^0,5, 



If 



38 



r, =4.0,5, then r, = 4,0,0,1,5,0,8,1,3, (34). 



Mult by 4.0,0,1,5,0,8,1,3, 
-f 1778498 . . . 
Result -f 1781182 . . . 



4^0,5, 

— 123200 

— 129484 



+ 5397 ^of 

— 1294-8 once 

- 755 



+ 17811 



— 129484. 



1651698. 



16510 



82 . 



71 . 



take 
from (K) 



- 6|27 . 

— 6104 . 

23 



(4, 0,0,8,2, 



Tlie root being so far determined by contracted operations, let 



83 



E = 84, 1,5,8,2, then R = 4^0,6,7,9,5,9,0,8, (34). 
The succeeding operation by using the coefficients of R and 



38 



R in the original equation (p. 53) is independent of those above 
employed to show that 8 [ 1,5,8,2, .... is a convenient dual 



33 



form of R . What follows, not only determines R to the 
designed degree of accuracy, but also proves the preliminary 
calculations. 



Mult, by 4rO,6,7»9>5>9A8, 

+ 1665071552 

Result + 17816*24553 



8 4^ i,5*8>2, 

— 140000000 

- 1305-500527 
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+ 539-886 

- 1 305*500 



^ of + 17816-24 



once - 1 305 'SO 05 3 



553 



- 765*614 


7656) 

• t 


165 1074 
165 107 1 


500 take 
552 from (K) 




- 2 
2 


948 (JrO,o,OA3»8,5,2, 
296 

652 
612 



40 

38 



S3 



. •. R = 8 ^ 1,5,8,2,3,8,5,2, . •. R = 4r 0,6,7,9,6,0,2,5, = 1.07 ; 

and . • . 7 is the rate per cent. 

In Examples 16 and 17, dual methods of calculating unknown 
but well-defined magnitudes are applied without referring to the 
general dual system of solving equations hereafter discussed. 



Ex. iS, If the yearly rent of a freehold be £200, what is its 
present value at S^ per cent, compound interest? 



From (7), page 43, 



P = 



R- I' 



200 



= 3636^, the present value. 



This example is introduced for the sake of uniformity, the 
required result is found by common division. The dual method 
is chiefly applied where logarithms have been found peculiarly 
serviceable, and in cases when neither logarithmic nor common 
arithmetical operations will apply, as in Examples 16 and 17. 



EXAMPLES IN INTEREST. $7 

Ex, 19. Required the present value of an annuity of £140, 
which is to coniinue 33 years at 7 per cent compound interest. 

The amount is £1665071552. See Example 17. 

Y 

.-. (33) PR = M = 1665071552 
R= 1-07 = 4^6765871, 

Y 

.-. R = ,1,33 X 6765871, = 4,223273743, 

M = IO*4r 5098681 1, =« lO** 4^281245320, 

^ ^Yr, 4-223273743. ^ 

4-57971577.= 1 785 53 1 79 
,-. P= 178553179 

Ee. 20. In how many years unit an annuity 6/ £so amount 
to £2000, at 4f per cent, per annum, compound interest ? 

From (5), page 42, 

Y 

. •. ^ Yr, = R = ( I + ^ T-^ — ] , which put = 4r«, 

|,(R) = r, \,{R)^Yr, 

.•. Yr, = s, or T = - 

r 

R= 1-04375, 

T . M^- I) _ , , 2000 (-04375) _ -.-, 
I + A ~ "^ 50 ~^^ 

2*75 = 24,31845377, = 4,101160095, = 4,5, 
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and 
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I -04375 = |4282CX)i, = ^r, 

,. fi lOI 160095 /r - 

^ = r = ^i8^-- = '3-6245 years, 
or Y = 23^ years nearly. 



OPERATIONS INDICATED BY THE SIGNS | AND —*►. 

37. Before proceeding' fiirther, it is necessary to explain how 
the dual sign of addition (-1^), and the dual sign of subtraction 
(— ►), of the ascending branch, differ from the ordinary signs of 
addition and subtraction, and how these new signs are operated 
with. 

Let 32*576! 2,5,1,3,0,0,0,0. be respectively represented by 

A \ M,, M,, M, 



Then 



A = 3 



5 
5 
3 



76 

I 5 
25 



o 

2 

7 



o 
o 



o 
o 



o 
o 



AJM,, = 39 
I 



4 I 

97 

3 



69 
08 

94 
3 



60 
48 

17 

94 

2 



o . which put 
O . 
o . 
2 . 
o . 



= A 



A|Wj,»^2, = 414 



276 
414 



212 which put 
276 



= A, 



AiWj,w,,Wg, = 4146 



9048 

2440 

I 



8 which put 

7 
2 



= A. 



A i w,,t*2,W8''V = 41 '4814907 which put = A4 



\ 
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Then, by employing the dual sign of addition (-J^), this con- 
tinuous and well-known process may be indicated as follows : — 

A I u^ = A 1 7^jA = A (i I t*j) = A^ ; 

A \ u^,u^, = Aj \ OyU^y = ^1 i ^^jA^ = K ; 
Aiw^,t/,,?^3, =A,io,o,«/s. =A,|w3A, =A3; 
A i u^,u^,u^,u^, = A3 \ 0,0,0,0, w^, = A3I w^Ag = A^ ; 
&c. &c. &c. 

I OyU^y is written \ u^, or |* m, 

io,o,Wg, is written jUg, or \^Uy 

\ o,o,o,w^, is written \ u^y or |* w, 

&c. &c. 

38. The units u^y w^, Wg, . . . . in conjunction with -f, may be 
operated with in any order whatever, provided that all the 
units are incorporated, 

A j o,o,2*3 = A I t/gA = A (i ■{■ W3) which put = B, ; 

A i u^yOyU^y = B^ j ?/j, = B^ I uji^ which put = B, ; 

A j «/,,o,?*g,w4, = B, j\, = Bj I BgW* which put = B3 ; 

A I u^yi^yU^yK^y = B3 j' ic^ = ^3 1 w^^g which put = B4 ; 
&c. &c. &c. 

Then A4 = B4. 

Again, 

Ajttj, = A-J-WjA = A(i-^u^ = A^; 

A 1 u^yu^y = \iu^A^ = A, (i I w^ = A, ; 
^{Aiu,A)iu,{Aiu,A) 
= A(i|wJ^tt^A(i|t*j) 

= A[(i|t*J|w,(i|i*0] 

A i M,,w,,W8, = A^ W = A, I WgA, = A3 ; 

= {A[(i|t0i^,(ii^)]}i^3{A[(i|^)it^,(ii^)]] 
-A{[(I|t^,)i^^,(I|«,)]|l.3[(Ii^.J|^.,(I|t.,)]}; 

&c. &c. 
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39. The sign of dual subtraction (—*-), ascending branch. 

A _ 

= Aji^j, = A — *- u^A = A (i — ^ Mj) which put = D^ ; 



^ 

r— Aii^^,2^„=D,lX,=D,— M,D,=D,(— wJwhichput=D,; 

I V './ a/ ^ ^ ^ ^^>^2>^8> = I^.r^s' = I^.-^^D, which put = D.; 

&c. &c. 

Develop A i u^^^^JH^, .... in a form involving both \ and — «►. 

AJw^, = Ajjt^^A, = A, ; 

Ajiw^i^^Wj, ^Agfwj, -A3IW3A3-A4; 

Aj i uja^yu^^^ = A* i \, = A^ — t^^A^ = Ag ; 

&c. &c. 

40. The dual sign of plus or minus for the ascending branch is 
written \, When the dual digits w^, w^, Wg, .... are either plus 
or minus, one of the many developments of A | u^, m^, Wg, . . . . 
will be 

{[(Ai«,A)^«,(A|tt.A)]i«.[(A^«.A)i«,(A:^«.A)]}| 

«J[(A| w,A)^M,(A| w.A)] |tt3 [(A + «,A) i«,(A + «.A)]} i «&c. 
which is more concisely expressed under the form 

A{[(ii«,)i«J + M3}i«, } (Z). 

41. The development (Z) may be given under as many 
diflferent forms as there are variations in the pennutation of 
all the dual digits taken together. When eight consecutive 
ascending positive dual digits are combined, (Z) may be given 
under 40320 forms, each expressing the same result, for 
8x7x6x5x4x3x2x1= 40320. In the latter case, 
when A = I, (Z) may be given under the form 
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Suppose each of the dual digits to be less than lo, and (Y) 
limited to eight places of decimals, then (Y) becomes 

{looom^u^u^u^ \ Kl Ki Ki K 

In future each dual digit is supposed to be less than lo if the 
contrary be not specified. 

42. Coincidence of the corresponding values of the 5 th, 6th, 7th, 
and 8th dual digits in a tabulated form ; u^^o u^^o i^,=0 u^=^o, 

Natural Numbers. Dual Numbers. Dual Logarithms. 

Particular case 1*00004763 | o,o,OA4>7A3, 4763, 
General form I'oooou^u^u^u^ \o,o,o,o,u^u^Uj,u^ u^u^v^u^ 

(iooo)t^5 + {io6)u^ + (io)t^ + u^ is represented by v^J^^v^^ 
loooooooo + (iooo)t^5 + (ioo)%j + (io)^^7 + ttg is represented by 



looocyii^ujii^u^ 



No error can be involved through considering looocyu^u^u^u^ 
a whole number while being operated upon. 

43. To find the natural number corresponding to a dual 
number of the form \ o,o,OfU^u,^u^Uj,u^ 

Let the operative numbers or binomial coefficients 
for the dual digit u^ be represented by i u^ u^ u^' . . . 
for the dual digit u^ be represented by i u^ u^ u^' . . . 

&c. &c. 

Corresponding values of the 4th, 5 th, 6th, 7th and 8th dual 
digits in a comparative tabulated form, when u^=iOu =ou =0. 



1 r 

P- ^ 


Natural Numbers. 
100054763 

10 = 1^/ 

2 = S(-47) 
IOOOS4775 


Dual Numbers. 

ioAO,s,4,7,6,3» 

1 


Dual Logarithms. 
54763, 


5 r 

t 


4- 


^8> 

< 


{ 0,0,0,U^yU^,U^U^,U^ 


1 
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In this case (Y) becomes {looooii ^u^um^ | [u^ = 
icxxxyu^u^iLjU^ + M^(ioooo) + u^{'u^u^ + w/ = 

Hence the natural number is equal to the dual number, taken 
as a natural number, +- the third operative number for u^ -f the 
nearest whole number to n^ multiplied by the decimal u^u\ 
This rule is readily reversed. Hence 

44. To find the dual number and the dual logarithm of a 
natural number of the form i ooou^u^ujt q. 

Rule. 

Subtract the third operative number for the digit tt^ and the 
nearest whole number to u^ x decimal ('u^u^, the remainder is 
the required dual number when \ is put for i. The correspond- 
ing dual logarithm is expressed by the five dual digits thus 
obtained. 

Examjples. 

Ex, I . Find the dual number and dual logarithm corresponding 
to the natural member I'CXX)54775. 

The third coefficient for 5 is 10; the coefficients or operative 
numbers for 5 being i 5 10 10 5 i. 

5 ('47) = 2" nearly. 

100054775 

12 =10 + 2 



Dual number = 1 0,0,0,5^7,6,3, 
(16) (page 23)|,(rooo5477S) = 54763, = 1, o,o,o,S,4,7,6,3t 
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JEr. 2. Find the dual number and dual logarithm of the 
natural number i'OCXD78987. 

The third coefficient for 7 is 21, the operative numbers being 

I 7 21 35 35 21 7 i; 

7 (-89) = 6* nearly. 

100078987 

27 = 21 4-6 



\ 0,0,0,7,8,9,6,0, dual number. 
78960, dual logarithm. 

Natural number. Dual number. Dual logarithm. 

1*00078987 1 0,0,0,7,8,9,6,0, 78960, 

45. Let each of the dual digits be less than 10, (Y) limited to 
nine places of figures, and 2^^ = o, ^^^ = o ; then (Y) becomes 

{looom^u^u^u;) I \u^ \ \u.^ (X). 

In accordance with (41), (X) may be put under the form 

{iQOOu^u^u^pq)\[u^:=. 

{lOOOU^U^U^pq) + u^ilOOOU^U^'U^) + w/ lOOOwJ + <' ('l) = 

(lOOU^u^u^u^pq) + W3' (100) + V {•!) + u^ (u^u^u^) 4- u; ('owj 

u^ {'ou^) seldom amounts to a unit, and in most cases may be 
neglected. In reversing the process u^i^^u^'u^) must be put under 
the form 

%(^aO) + u^{u^'u^). 

46. To find the dual number and dual logarithm answering to 
a natural number of the form voou^u^rspq. 

Rule. 

From the given number subtract the natural number corre- 
sponding to |o,o,Wg; from the remainder take u^{ufi') and 
Wj(Mj decimal w^), and also u^{'Ou^) when it amounts to a whole 

L 
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nninber; the last remainder is of the form ^^^,pit which 
may be reduced to a dual number by the Bule (44). \ being 
put for I. 

Examples. 

Ike. I. Find the dual number and dud logartihm ansaering 
to 1*00789179. 



Given number i 00 



J 0,0,7. 100702 



789 



179 

104 l<^0,tt,, 



7(80) 



7(6-4) 



21 (-08) 



ioo|o87 



07s 



-560 «,(w^o) 



|ooo86 



S15 
45 «,(«.•«,) 



|ooo86|47o 

- 2 <(-oaJ 



sr(]i),}^«+«f«4) 



I0OOJ8646 

-3 



8 

3 



< + "4K^6) 



Dual number \ 0,0,7*8,64,3,5, 

-35- 7x5. 



.•. (16) Eule (12), 1,(1-00789179) = 7 8 608 s, 



Natural number. 
I 00789 1 79 



Dual number. 

\ 0,0,7,8,6,4,3,5, 



Dual logarithm. 
786085, 



Ex, 2. What is the dual number and dual logarithm corre- 
siwnding to I "006? 

ioo;6ooooo 
i 0,0,5, 100 501 001 j'Wj, 



loo[o98 



999 



- 450 W3 (up-) 



5(90-) 

i oo|o98|549 
5(8-5) -43 ^3(^6-^6) 

- I «*/('OW4) 

100098505 
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To this last result we have to apply the Eule given in 
article (44.). 

100098505 
36 + 9C84) -44 ^' + ^K^6) 



Dual number 1 0,0,5,9,8,4,6, i, 

Natural number. Dual number. 

roo6 10,0,5,9,8,46,1, 
(12), ^3(5-) 25 ' 

59821 1, 



Dual logaritbm. 
59822 1 1, 



Ex. 3. What is the dual number and dual logarithm corre- 
sponding to the natural number 1*00456081 ? 



3 
i4. 



100 
100 



456 
400 



081 3 

600 |t«g. 





loo|o5 5 


481 




4(SO-) 





200 


««(««o*) 




iooo5 5J28 I 




4(5*2) 


— 2 I 
|oooJ5 5260 


«8 (««■«.) 







«,'(-OttJ 




10005526 







10 + s (-52) 


— I 


3 


vf + w/-«.M,) ; (40). 


Dual number 


i 0,0,45,5,2,4,7, 




Nataial number. 


Dual number. 


Dual logarithm. 


1-00456081 


1 o,o,4,5»5.24,7, 455047. 


(12), «3(S-) 2 


• 



455047. 

In this example, given previously, page 45, w''('Om^) = o, and 
^sC^A^c) °^*y ^® subtracted all together, without involving 
error, as the values of u^ u^ u^ in this case can be anticipated. 
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The Author of the present Work communicated examples 
under Rule (46), page 63, when he first made known Rule (12), 
see page 16. The original form, in which Rule (12) was 
delivered, was slightly altered in being analyzed, but the altera- 
tion did not involve error; however, the change renders the 
reversing of the rule difficult; the reverse rule is given in 
article (13), page 17. The case is otherwise, from changing 
the original forms when analyzing the examples under Rule (46), 
as error may be involved ; these discrepancies will be discussed 
towards the end of this chapter. 



Ex, 4. Find the dual number and logarithm corresponding to 
the natural number i*oi. 



3 
\9, 



9 X 90* 



1 01 ooojooo 
903I608 



\oo\og6 



392 

810 u^(ufi') 



100095582 

9(5-5) -50 u^(u^'u^) 

36(09) -3 u^i'OuJ 

^00095529 
Then, (40), - 4 I n^ + u^('u^u^) 

required dual number j o,o,9>9,5»4,8,8, 

l,(roi) = 995033, (16). 

The natural number I'OI may be represented by two dual 
numbers, namely, i 0,1,0,0,0,0,0,0, and 10,0,9,9,5,4,8,8, the dual 
digits of each being less than 10 ; other natural numbers may 
be similarly expressed. ^8(^4^6*^6) iJ^^st be subtracted in two 
parts, u^iufi,) and %(u^%'\) and not all together. In the 
oUowirg syntheses these matters will be attended to» 



DUAL AND HYPERBOLIC LOGARITHMS. 6/ 

SYNTHESES OP PARTICULAR DEVELOPMENTS. FUNCTIONS AND 
THEIR INVERSE. OPERATIONS AND THEIR REVERSE. 

47. The remainder of this chapter is devoted to matters of 
importance, which require particular attention. 

The dual logarithm of any given number n, divided by 10' 
gives the hyperbolic logarithm of w, to eight places of decimals ; 

that is ^^-^ = loff, n. 
1O3 ^' 

The young student may be deceived by this coincidence, and 
imagine that the dual system of logarithms is established by 
similar processes of reasoning to those used for hyperbolic and 
common logarithms. That such is not the case may be readily 
estabUshed as follows. Writers on logarithms, with much 
difficulty and by a series of artifices, show that in the equation 

X being the logarithm of any given number n, to the base r, that 

^ _ (^ - I) - K^" I)' + K^ - I)' - i(n - i)^+ . . . . .^v 
"(r-i)-i(r--iX + K^-ir-i(^-ir+.... ^^'^ 

But the expression (Q) cannot be practically applied except in 
very rare cases. When the denominator is put = i, that is, 
when 

(r - I) - h{r « l)^ + i{r -. if ^ l(r ^ l)' + . . . , ^ l, 

then . r = 2718281828 .... 

which, by writers is generally represented by e, and the system 
is usually termed the hyperbolic system of logarithms. 

Let (27 1 828 1 828 . . .)* =10; 

then from (Q), 

a; « (10 - I) - i (10 - i)' + J (10 - i)» - i(lo - i)* ; 

but to sum this series is practically impossible. 
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Again, let 

(2718281828 ...)' = 2. 

Then from (Q), 

a? = (2 - I) - i(2 - I)' 4- K2 - I)' - 1(2 - 1)4 + . . . 

= i-i + i-i + 

= '69314718 the hyperbolic log. of 2. 

To find the sum of the series i— i + J — 1 + step 

by step until we arrive at '69314718 is a very tedious process. 

The hyp. logs, of 11 ; loi ; 1 001 ; &c. are more readily 
found by (Q), for let 

(2718281828 ...)'' = i'i> 
then 

a. = (ri - I) - j(ri - ly + j(i.i - 1)3 - J(ri - 1/ + . . . 

='09531081 the hyperbolic log. of I'l 
the denominator of (Q) being = i* when r = 271828 .... 

Now let , 

(I'OOOOOOOl)* = 2. 

then r = I'oooooooi and n = 2' in this case all the terms of 
the denominator of (Q) may be neglected except 

I 
r — I = -oooooooi = — 

10^ 

for i(r •- i)*; i(^ "- ^Tl iC** — i)*; &c. are very small. 
In this latter case (Q) gives 

•oooooooi + . . . 
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48. Henc^, the value of x in (2718281828 ...)* = 2' found 
by (Q), and multiplied by 10®, is equal to the value of a; in 
(I'oooooooi)* = 2" to eight places of decimals, found also 
by (Q). The same may be said in applying (Q) to the 
equations 

(2718281828 ) = IT and (I'oooooooi)* = it 

(2718281828 ...)*= I'd and (I'GOOOOOOi)'" = I'Oi 
&c. &c. 

and generally to i ^n and (I'OCXXDOOOi)* = w, 

but, as before observed, the cases in which (Q) is practically 
applicable, are very few. 

These remarks apply to developments with hyperbolic loga- 
rithms given in the Analysis of " Dual Arithmetic, a New Art," 
pp. 39 to 46. Without care, those developments, with hyper- 
bolic logarithms may give a wrong impression. 

Although (Q) indicates that ^^^ = the hyperbolic log. of n, 

true to eight places of decimals for any given number n, yet 
none of the processes or devices usually employed to apply (Q), 
to establish it, or to give it a more practical form, in any 
way resemble the dual system for finding the logarithm of any 
given number w, to any base r, which is by a direct and ex- 
tremely simple procedure. The young student wiU avoid being 
deceived, by carefully comparing (Q) and '' Analysis," pp. 39 
to 46, with the correct dual methods of reduction. Chapters 
L and IV. of the present work, and *' Dual Arithmetic, a New 
Art," pp. 212 to 214. 

The dual system of logarithms furnishes all the advantages of 
both hyperbolic and common logarithms without retaining any 
of their defects. 
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CIBCUH8TANCES UNDER WHICH THE CALCULUS OF D1FFEBENCE8 
AND THE DUAL CALCULUS COINCIDB. 

49- In the accompanying Figure let each of the angles AOB, 
BOC, COD, &c.beequal30°; 0A= i ; OB - 1 1,; OC - I2, ; 
CD = 1 3, ; &c. to OM = 1 12, ; and let a logarithmic spiral pass 
through the points A, B, C, &c. to M. Again, let 06 ■■ 'i f ; 
Oc = '2 I ; Od = '3 t ; &«• to Om = '12 I ; and let a logarithmic 
spiral pass tbrongh the points A, b, c, d, &c. The radius vector 
i 2,5, falling half-way hetween C and D falls beyond the curre, 




for the length of a radius vector drawn to the curve half-way 
between C and D, that is forming an angle of 75° with OA, is 

equal \ 2,4,7,8,5,7,2,7, true to eight places of decimals. 

In the descending branch the radius vector '4*5 ] does not fall 
on the curve half-way between e and /, or which ia the same 
thing, the radius vector '4's \ does not make an angle of 135° 
with OA. 

■4'5'2'4'2'7'S'6 1 is the length of the radius vector to the curve 
in middle betiveen e and / It is easily observed tliat t!ic 
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calculus of differences will only apply to ten consecutive digits 
of the same rank when true, and not approximate values, are re- 
quired. A radius vector whose length is \ 2,$, makes an angle 
^f 75** 39' 3S"'7 wi^^ OA, and not an angle of 75"*; and a radius 
vector of VS I makes an angle of 135° 43' 58*4'', and not an 
angle of 135^ 

50. The operative numbers will not apply to all natural 
numbers that correspond to consecutive dual numbers. One or 
two of the numerous examples that might be selected will 
illustrate this matter. 

o,9,9» '^ 110356790 
1,0,0, = iiooooooo 

1,0,1, = IIOIIOOOO 



1,9,9, = 1-21392468 
2,0,0, = I -21000000 

2,0,1, = I'2II2IOOO 
&C. &C. 

One example from the descending branch will be sufficient. 

•65998566 = '3'9'9 1 
•65610000 = '4'0'ot 

•65544390 = '4'o'i i 

&c. &c. 

Although the operative numbers do not conduct us from the 
value of 1 1,9,9, *^ *^® value of 1 2,0,0, &c. yet they will apply 
in passing from i5,5A9> ^ iS,SJ)9»; l5i5,2,9, &c. 

1 5,5 A9» = 1-69418619 



1 5,5,2,9, = 1-69757626 

169758 



169419 otherwise 

619 
256 
508 



15,5,1,9,-1-69588038 '^418 



169588 



508 



169927383 



i 5,5,3,9, = 1-69927384 See (37), page 58. 

&c. &c. 
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A logarithmic spiral may be made to pass through the radii 

vectors iS>5A9»; lS»S>i>9»; 1 5,5,2,9,; &c. with the angular 
distances between every consecutive pair equal. 

The operative numbers are employed both in the calculus of 
differences, and in the dual calculus, but under different restric- 
tions ; for example, 

I 5,5,9,7, = 170915315 
1 5,5,9,8, = 170932407 
iS,S,9,9>= 170949500 
|S,6,o,i, = 170975-978 

The calculus of differences will show that 

i S,5,9,9>5,4,8,8, = 170958882 
but {5,6,0,0,0,0,0,0, = 170958882 

The equality here established is only correct as far as eight 
places of decimals, for {5,6,0,0,0,0,0,0, = 1 7095888 1774441651 
exactly. \ 5,5,9,9,5,4,8,8, has an exact value also, (32) page 47, 
the first nine figures of which do not differ a unit from 
170958882. The calculus of differences fails to determine the 
exact value of { 5,6, by the consecutive differences above em- 
ployed. 

As we proceed, other comparisons and parallel developments 
will be instituted, and it will be finally demonstrated that the 
calculus of differences, when properly restricted, becomes a 
branch of the dual calculus. When the Analysis was being 
drawn up, the Author of the present Work introduced the 
calculus of differences to show how the operative numbers might 
be derived without reference to the binomial theorem, and also 
to show how to construct a table of ascending dual numbers 
with their corresponding natural numbers, by common addition, 
and independent of the operative numbers ; the alterations made 
in analyzing the first communication, rendered the explanations, 
entered into here, necessary. 
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A COMBINATION OF PARTICULAR FACTORS THAT MAY MISLEAD 
WHEN MADE TO ASSUME THE FORM OF AN ASCENDING 
DUAL NUMBER. 

5 1 . The factors of the imitative arrangement are 

1-9 r8 17 II 

ix)9 108 107 loi (F) 

1 009 1008 1007 lOOI 

&c. &c. 

It is easily shown that 

I 8389270996 = 

(17) (108) (looi) (10005) (100009) (1000003) (10000006) 

(100000004). 

The Motors 1*1, I'Oi, 1*001, &c. are seldom incorporated 
in such products. 13 is put for (I'l)'; i*9 for (I'l)'; 
106 for (lOi)*; 1007 for (lOOi)'; &c. These counterfeit 
factors are rigid and inflexible, and have no branch to imitate 
descending dual digits. 

The log of I "I being given, the log of 19, 17, i*6, &c. cannot 
be re^adily found; while in the dual system numbers are 
expressed by indices, and not by coefficients, and are very 
flexible, besides, when log I'l is known, log (I'l)®, log (i"i)^ 
log (i"i)* &c. are easily found. 

52. An overrated method is given in the Analysis, pp. 61 to 72, 
" Dual Arithmetic, a New Art," to find dual logarithms by 
limited tables of the logarithms of the factors (F) ; this method 
ma.y be applied to other systems of logarithms, but not without 
limited tables which the method cannot supply in any case. 



74 DUAL ARITHMETIC. 

However, the logarithms of the factors (F) can only be inde- 
pendently calculated by the dual method. For example, the dual 
or any other logarithm of i '8389270996 may be found by adding 
together the logarithms of the factors (17), (i'08), (I'OOi), &c 
taken from tables previously prepared. 

53. The factors (F) have also been employed to approximate 
to the roots of particular equations ; a root so determined might 
be put under a form to imitate a dual result, but a slight inspec- 
tion renders the difference apparent, even to those who merely 
understand the application of the ascending branch of the dual 
calculus to find unknown quantities under a variety of dual 
forms, which subject is fully discussed in the next Chapter. 

OPERATIONS AND THEIR REVERSE. 

54. It is a very important feature of the dual calculus, 
especially in finding the roots of equations, that inverse dual 
functions are not only expressed compactly but also readily 
determined; and in most cases, dual operations are readily 
reversed. Before the introduction of dual arithmetic but few 
elementary functions possessed these usefiil properties. A direct 
rule should be so framed that the reverse one may be easily 
deduced when required ; these important features have not been 
dwelt upon, ijideed, they have been much neglected. 

The rule article (12), page 15, is taken from the expression 

+ 3101^ + 33^,; (16). 

But in reversing the Eule, 5 (uflufni^p) has to be added, and 
^lOiSu^ and 332^^ to be subtracted. Hence the expression for 
the reverse Eule given in article (13) page 17 must be put under 
the form 

u^,u^yU^u^u^u^,u^u^ - 5 (t^j^ooooo) + 31018W, 

- 5 (?^g000) + 33^« 

- 5 Ko) 

Since 5 {ufiufnifi) = 5 (w,ooooo) + 5 (1^,000) + S {up). 
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This modification is necessary, as the values of u^ w^ have 
often to be anticipated in applying the reverse Rule. 

For example, let it be required to reduce the dual logarithm 
29950CXX), to a dual number. 

Dual log 29950000, 
S(iifiooo6) +1500000 5(300000) 

3 1450000 
31018?^, -93054 3(31018) 



31356946 
S{ufioo) +5000 5(1000) 

3 1361946 
33^2 - 3 3 I (33) 

31361913 
5(^8^) +150 5(30) 

Dual number \ 3,1,3,6,2,0,6,3, see (i6). 

Again, let it be required to reduce 1 3,1,3,6,2,0,6,3 to a dual 
logarithm. 

Dual number \ 3,1,3,6,2,0,6,3, 
5 (ufiupup) -1505150 5 (301030) 

29856913 
2^,(3x018) +93054 3(31018) 

^.(33) +33 1(33) 

Dual logarithm 29950000, see (12). 

The Author regrets having allowed the original form under 
which he communicated this Eule (12), to be altered when being 
analyzed, for, as before remarked, page 66, although the change 
did not involve error, yet it renders the reversing of the rule 
difficult. 
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OKIGINAL FORM. 

Article (12), page (15). 

55. RuU: — From the dual number of eight digits taken as 
a common number, subtract five times the first three digits, 
supposing a cipher placed after each, add 3 10 18 times the first 
digit, and 33 times the second, the amount is the dual logarithm. 
In most cases, this reduction may be effected in one operation. 

Thus, +33 = ^{ZZ) 

+ 93054 =3(31018) 
1 3>i)3>6,2,o,6,3, Dual number. 
-150515- =5 (301030) 



Dual logarithm 29950000, 

It is advisable that the student, before proceeding further, 
should thoroughly understand the criticisms instituted firom 
Article {41) to Article (55). 

Functions and their inverse, operations and their reverse, will 
be discussed in a general manner when the ascending and 
descending branches are combined, for not until then can the 
great power of the dual calculus be applied. In Chapter IV. 
the descending branch will be treated of systematically, and in 
detail. 
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CHAPTER III. 



ASCENDING DUAL DEVELOPMENTS APPLIED TO DETEEMINE THE 
VALUES OF UNKNOWN QUANTITIES UNDER A VARIETY OP 
DUAL FORMS. 

56. In this Chapter we do not discuss the theory of equations, 
nor establish any abstract criteria respecting the nature of the 
roots of equations, but apply a system that will determine the 
values of unknown quantities under a variety of ascending dual 
forms, and that too without being obliged to keep within very 
narrow boundaries. In fact, we first propose to show the power 
and scope of the machinery to be put in motion, and afterwards 
to restrict the operations of the whole machine to concise and 
convenient limits. 



Examples. 

Ex. I. Otven 276*593 124a; = 7634*83528, to find the jih root 
and dual logarithm of x. 

^ _ 7634-83528 _ 2'io'(r9o87o882) (xoU . . 6^i g 2 a 

'^ 276 593124 (2) io'(i -38296562) ~ ^^^ ^^°'> ^ 3.3.0^1,8,2,9, 

8 
(2)(I0) J 3,3,6,4,1,8,2,9, = \ 331792909, 

.-. |, (ic) = 331792909, Article (16). 

1 (x\ 

^~- = 47398987. = 1,4,9.3,1.9.7.6,8, 

i 4,9.3,1,9,7,6,8, = 1-60639071, the 7th root of x. 
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INVESTlOAnON. 



57. Put 1-38296562 - A and 1-90870882 = B; 

Now J- is greater than 1-33, bat less than 1-46, hence the 

B- A 
first dual digit is ( 3, . Or, — j — is greater than '33, tut less 

than -46, which also shows the first dual digit to be { 3, ; the 
three first figures of A and B have only to be inspected to arrive 
at this resnlt. Should a digit be taken too great, the work ms,^ 
be continued bj making the succeeding digit negative^ 



190870882 



9J6I562 
88969 i3. 
48897 
3!8|3 9'7 



Af«,A = A(r +>.,) = 
B 



84072725 put = 6. 



Now T is greater than 1*030, but less than 1*040, or B-i 

divided by i is greater than •030, but less than -040, hence the 
next dual digit is } 0,3, 



A(i^.,)- 



A{(i+»Ji[»J-J(U«,)- 



i8|40|72 

Is 5 22 

Is 5 



8916501313 

i|r37902 

2I845 

4 



5 . put = i 

2. 

2 • |o,3. 

4- 

pat = c 



■*■{{! -t»,) i [".i W = 0(1 i»J - 190719 I 06 
I7631 



19086I7391 



I o,oA 

pat = d 

1 0,0,04, 
put = e 



NOTATION ILLUSTRATED. 



79 



Since, 



19086 

• • t 



7 39 I put = e 

3 4*91 « B - e 
5 

1909 = 1 h 



1582 
1527 

55 

'if 

17 



« 
18. 



= i2, 



8 



1 7 = i 9> 

••• A{(i|wJ|[ti,|KIK|[i^,|K|KIK} 

Or A 1 3,3,6,4,1,8,2,9 = B 

''• A"" 13,3,6,4,1,8,2,9, 

4(i+«,)iKI +K}=B; ■ 

^{(i|«JiKi iK}=B; 

&C. &C. 



(i+»,)iK-tK+ 



B 



B 
A 



••• ii«, = ;^ minus ![«,:{-[«,•{-... (i). 

In finding u^ we have not to estimate the value of 
i [^< ^ [^s i - ■ ■ ^^ ^^ want to know respecting it is that it 
will not increase the vidue of », a unit. 

N 
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Take -j- = 179 . . . , as another example to illustrate 

the notation; then i^^ = |6, for (I'l)* = 1771561; and 
(i-iy = i7, = 1-9487171. 

Hence, between 1 6, = 1771561 and 1 7, = 1*9487171 
[\[u^-^ [^si • • • ^*^ * range of values between o, and '1771561, 
which is the ^V <>f the natural number corresponding to the 
lesser dual digit Neglecting -^ [u^ -^ [u^-^ . . An (i) and putting 

, B-A 

B — A 

Then it is clear, if — j — = 79 or '87 or any number up to 

. B — A 

*95* ^ = j 6; but if — -r — = '34 or '42 or any number between 

•331 and -4641, u^=-\3, 
Again^ because 

B 

••• ii'^^=^jTaimvia}[u^-\^[u^^... (2) 

u^ may be so chosen, that the rejection of i[^ji[«^4i ... 
will not decrease the value of u^ a unit, or render u^ negative. 

If ^ = 1*032, then u^ [= \ 0,3, and u^ may be taken = 1 0,3, for 

all values between 1*030301 and 1*04060401 ; hence, between 
j 0,3, and j 0,4, ; i [^si [^4^ • • • ^^ * range of values between 
o and •01030301, which is the xJ^j^t^ P^^ o{ i'03030i. 
Neglecting -f [Wg^ [^4^ • • ^^ (2)* then 

J(l|^,)=&-J:t^,6 = B 



.'. |^a = 



b 



NOTATION ILLUSTRATED. 8 1 

If — ^ = -032, then u^ = \ 0,3, if — ^ = -074 . • , 

^9 = [0,7, for -074 ... is greater than 07213535210701 and 
less than *o82856705628o8oi. In a similar manner u^ maj be 
found from 



or from i '^8 = 



c 
B-c 



reserving for further consideration, »^ the surplus, represented by 
i [^4 i [^6 i • The process being continued, the dual number is 
found under the simplest form^ when made up of ascending dual 
digits. 

It may be necessary toj^ observe, that as many places of 
decimals are taken as the required dual number is to have digits 

Hx, 2. Oiven 7634-835280? = 276593 124, to find x, its fifth 
rooty and dual logarithm, 

276-593 124 _ (io)'(276593i24) _i i.o. .,Q^2 
^ "" 7634-83528 " (2)Xio)»( 1-90870882) " ^ ♦ 3,0,5,4,1,9.7,2, 

or, X = -036227778^5. 

i,(4) =138629436, 
|,(io) = 230258509, 

1,(40) = 368887945, 

• • • 1, (A) = '368887945 See Article (17) 
1,3,8,54,1,9,7,2,= 37095040, 

5 ) '33179290S dual log of X or 1, (a?) 

'66358581 

'66358581 f = il 2956137, = J 10,2,9,6,6,5,1,9, = •51500129; 

.•• the fifth root of a? = '51500129. 
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These and similar results may be found by other dual 
methods of operating, and under a variety of dual forms ; how- 
ever, the importance of the particular treatment here employed, 
will be presently seen when we come to find the roots of complex 
equations. 



13, 



I's, 



Details of the work of the Itat Example. 



276593 I 24 



9 

S 



o 

7 
5 



8 
2 

7 
I 



7 
6 

2 
9 



o 
I 
6 
o 



8 
6 
2 

7 



2 

5 

7 
I 



2 5 

2 



40 

03 
7 



149 

23 
I I 

14 



14 

93 

33 
22 

17 



5. 
2. 

8. 

7- 
8. 

I . 



27s 
s I 

is, 



098 

375 
2 



82 I 

494 

75 I 

3 



4 2764 
i4, I 



7706 

1059 

I 



27658 

• • t 



7669 



5455 
2766 



2765 
1908 

1908) 857(1-45 



94 
95 



27659 

25404 

25404) 2255 (ro88.. 
* \ 2032 

223 
203 



276593 
275098 



^689 275098) 1495 0*0054. 
2489 • • • t 1376 



200 
I 94 



119 



^ 



Therefore 

K = l3, 
because 1*45 is less 

than 

1-4641=14, 

but greater than 

I 331 =i3> 



Therefore 

N, = lo,8, 

because 1*088 is 

less than 
1-0936.. = 1 0,9, 
but greater than 
11-082856.. = |o,8, 



L 



Therefore 

\ 0,0,^, = i o,o,S, 
because 1-0054 is 

between 

1 0,0,5, = 10510.. 

and 

io,oA* 1-0615... 
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58. OiT^n aa? + da; » c, to find the value of x. 

Substitute r for x^ so that it may. be possible to represent 

X under the form 

r I u^y\,u^ .... 

tiie nearer r approaches the value of a;, the less will be the dual 
number | u^,u^fU^ . • . which has an extensive range of forms 
and values in each particular case. Criteria to determine the 
range and convenient limits of r, in equations of all degrees^ will 
be treated of in another place. 

Let ai^ + hr =^ c^, 

and suppose the first dual digit to be |^^^ then substituting 
r I u^, for X, 

.*. ar*(i-J-2wJ + lr{i\u^ = c; 
ar* + hr\2ar^u^\iTU^ = c; 

_ ^ — ^1 . 

u^ u^ &c. may be found in a similar manner. 

Since u^, v,^ &c. are whole numbers, positive or negative, 
^2a7^-^hr in most cases may be treated as + 2ar* + ir. 

It may be necessary to state that but little practical incon- 
venienace can rise at any time in making u^ a unit greater 
or less than the proper dual digit belonging to the nth position 
of the required dual number presented under its simplest form ; 
for if Un, be taken too great, then by making the following dual 
digit negative, the process may be continued without retraction, 
interruption, or error. The same may be said if Un, be taken 
too small, with this difference, that the succeeding dual digit 
will be greater than g, . 
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Ex. 3. Given 3S7'836528a?* - S73*4S6388a? = 8i07*37676, 
to find both values of x, and the yth root and dv>al logarithm of 
the lesser value. 



If we examine (35 . . . )a? — (57 . . .)aj = 8i'0 . . . (the 
given equation divided by 100), it appears that 3 | w^, ; 4 1 w^, ; 
5 1 Wj^ may be substituted for x\ 6\u^ also may be substituted 
for X, but then u^ becomes negative, and the operation is not as 
easily performed as when S 1 u,, is put for x. Then putting 
a; = 5 1 Wj, the given equation becomes 

894s '9 1 32 i (2 w J, - 2867-28194 iwj = 8107-37676, 
which has to be compared with the general equation (58) 



+ 178 
- 28 

(+ 2ar*- hr) + 150 



twice 
once 



+ 89.. 
-28.. 



+ 61 .. 
+ 81 .. 



150) + 20. . 
IS.. 



{ay 




Q>)r 








(c- 


0.) 


ai.= 


= u. 



Substituting r \ u^, u^ for x the given equation becomes 
10824-5549 j 2 Wg- 3i540ioi3JWg = 8107-37676 



+ 2164 

- 310 

- 1854) 



twice + 10824*5549 
once - 3154-01013 



+ 810 



43 

37 (lo,2, = lu,. 



NOTATION ILLUSTRATED. »5 

The next step famishes the equation 

11264-0752 1 2Wg - 32i7'40S73 1 Wg = 8107*37676 

4- 22528 twice + 1 1264 . . . 

— 3217 once — 3217 . . . 

19311) + 8047... 

+ 8107... 

60 (lo,o,3» = Ns 
58 

The next step famishes the equation 

11331*8288 J2w^ - 3227-067601^4 = 8107*37676 

+ 22663 twice + 11331-8288 

— 3227 once — 3227*06760 

19436 + 8 104-761 20 take 

+ 8107-37676 from 

261556 

19436 (1 0,0,0, i,34,5>7. 

6719 

5831 
888 

m 

112 

97 



• • • • 



15 

14 



• • 



X = \ 1,2,3,1,34,5,7, = S"629i5577 

GoefiSdent of second term with its sign changed 

„ 573^56388^^ 

357836528 ^ ^ 

From 1*60256526 

Take S'^^gis $77 

Also oj = — 4*0265905 1 
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5 j 1,2,3,1,34,5,7, = 1 172778181, the dual logarithm of x. 
X may also be found under the form, a? «» 4 i 3,5,5,8,0,7,7,6, 

7) 1 172778181, 
Seventh root [ 24682597, = | 2,5,6,4,5,6,9,6, = 1*27995632 

59. Given ax^ + hx^ -h ex = d, find a. 

Let r be taken so that the required root may be found under 
the form r\u^, u^y w,, . . . . As before remarked, r has a great 
range of values, but it is evident that the nearer r is taken 
to the value of a;, the less will be the affixed dual number 

I ttj, w^ W3, which may be made to assume a variety of 

forms in each particular case. 

Substitute r \ u^ for x in the given equation, then 

ar^ i 3 ^1 + ^^^ \2u^'\- cr\u^=- d, 
,-. ar\i I 3wJ + Jr'(i |2wJ + cr(i | wj = d, 
.•. ar^ + 6r' + cr^ 3u^ar^-^2Uj^br^-^u^cr = d, 

_ d — d^ 

putting d^ for ar' + ir^ + cr. The dual digit u^ may be 
obtained by employing + ^ar^ + 2hr^ + cr as a division 
instead of ■J-3ar*|25r*^cr. To find x^ put ar^\3u^ = a^; 
hr^ \2u^ = \; cr J Wj = Cj ; and substituting r J u^, u^, for a?, the 
given equation becomes 

ajsu^ + b^\2u^ + c^lu^ = d, 

or, a,(l|3wj + 5,(i:|r2wj + c,(l|wj=cf 



• •. -Z^a = 



+ 3«ti25,|c/ 



dg being put for a^ + b^-\- c^. As in the case of u^ , the value 
of u^ may be found by employing + 30^ + 2^^ + c^ as a divisor 



ROOTS OF EQUATIONS CALCULATED. S7 

instead of i 3«i I 25^ -J^ c^ . Again putting «i 1 3^*2 = «2 ; 
&j I 2 Wj = Jg ; c^\\ = c^; then by substituting r J u^' u^ u^ for 
Xy the given equation becomes 

d — d^ 

• ■9/ — «* • 

By continuing the process and extending our notation 
d — d. ^ d — ^6 . ^ 



60. In a general equation of the fourth degree^ 

ax* + hx^ + ca?* h <?aj = c, 
let two or all the roots be real, then as in the last case. 



u. = ^ 



' i4ar^3br^2cr^dr' 






i4«ii36ii2c,|rf/ 



^ = ^ 



&c. &c. 



61. If r I Mj, Mj, Wg, . . . be a root of the equation 

ax^ + hx* 4- cx^ + e?a;' + ex =/, 
then Wj, Wg, Wg, &c. may be found from 

,, ^ /:::/, 
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&C. &C. 

Other equations may be treated in the same general manner. 

Ex. 4. Given 34567890?'' - 2345-6780:* - 123-4567 oJ* 
-f- 456-78910:' + 56789-120; = — 415978976-065 to find a value 
of Xy trite to nine places of decimals. 

It requires but little observation to see that a value of x lies 
between o and 100, and on closer inspection it wiU be found 
that a value lies between 10 and 30. Then 20 being put for r, 
and r | u^ being substituted for x, u^ mAj be obtained from 

_ f-fx 

'*^^'"\Sa7^\^hT'\iC7^\2d7^\er' 

ar^ = ttj 5r* = \ cr^ = c^ dr^ = d^ er ^ e^ 

+110617248- -3753o848o--987653-6+ i827i5-64 + ii3S782'4 

+ 550 5 times + 1 10 

- 1500 4 times - 375 

~^o 3time8 - 

2 times H- 

I time + I ..... . 

- 264 (/J take 

- 415 (/) from 

-950) -151 (4.|i, = 1^^^, 

+ 178150185- - 549489146- - 1314566-942 + 221085-924 

4- 1249360-64 
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4- 8905 5 times + 1781 

- 21976 4 times — 5494 

- 39 3 times - 13 

-f 42 times H- 2 

-f 12 I time + 12 

- 1309) -3712 (/J take 

-4159 (/) from 

- 447 (+lo,3,«l^, 

- 393 



89 



H- 206826835- 



6i9i78i23' — i437722'5i + 234687*163 
f 1287217-52 



+ 103410 

— 247668 

429 

+ 46 
4- 128 

- 144513) 



5 times 
4 times 
3 times 
2 times 
I time 



+ 20682 

— 61917 

- 143 

+ 23 

4- 128 



41227 (/j) take 

41597 (/) from 



-370 
- 289 



81 



(+ 1 0,0,2,5, = + i ^a,^, 



1 0,0,2,5,0,0,0,0, = 

square = 

cube = 

4th = 

Sth = 



249900, 
499800, 
749700, 
999600, 
1254500, 



j 0,0,5,0,0,0,5,0, 
1 0,0,7,5,0,0,5,0, 
j 0,1,0,0,4,5,6,7, 
[0,1,2,54,4,6,7, 
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a^ i o, 1, 2,5 4^,6,7> h 1 o,i,OA4>S A7» ^s 1 o,o,7>5 AO,S,o, 
+ 209427135- - 625398465 - 1448548-10 

^8 i o,o,S AO,o,S A e^ \ 0,0,2,5 AO,o,o, 
+ 235863-066 + 1290438-27 



+ 1047135 5 times 


+ 209427135- 


— 2501593 4 times 


- 625398465- 


- 4345 3 times 


- 1448548*10 


+ 471 2 times 


+ 235863066 


+ 1290 I time 


4- 1290438-27 


- 1457042 ) 


-415893577* take 


• • 


— 415978976- from 




-85399 (+ ioAOASA 



- 72852 



- 12547 

- I 1656 



-891 

If the process be continued another step, the value of x will 
be found to be 20 j 1,3,2,5,5,8,7,6, which value might be found 
under many forms ; for example : — 



Common number. 



X = 227246714 = < 



Dual numbers. 

'' 22(0,3,2,5,5,8,7,5, 
20 11,3,2,5,5,8,7,6, 

I5i4,34,3>i»i>3,8, 

12 16,6,6,9,8,44,7, 

&C. &c. &c. 



Dual log. of X. 



= 312345120, 



Whence it is evident that x may be found by putting any 
number from 22 to 12 for r; 20 is selected, because its square, 
cube, &c., are easily obtained and operated with. To determine 
a value of a; in such equations as the given ones, by any other 
known method, would be almost impossible^ on account of the 
laborious calculations and other perplexing circumstances in- 
volved. 
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EXPONENTIAL EQUATIONS. 



62. Given a?* = 8' to find the value of x. 



Logarithms of any system being employed, it is well known 

that 

a? logo? = 8; 

and it will be presently shown that 

(2-38842348) = 8. 

. •. 1, (2-38842348) X 2-38842348 = i, (8-). 



But 2 = j 7,2,6,0,7,8,2,6, = [ 693 147 1 8, 

or 1^(2-) = 69314718, 

since the dual digits reduced to the 8th position is termed the 
dual logarithm. 



Dual log of 2, or \, (2) = 693 147 1 8, 

and because 2^ ^ &, 

therefore, 207944154, = 3 1, (2*) = the dual log of 8. 



8- 



Again, 2*38842348 = 2 j 1,8,2,5,7,4,5,3, = [ 87063353, 

.-. i, (2-38842348) = 87063353, 

then 87063353, multiplied by 211,8,2,5,7,4,5,3, or its equal 
238842348, must give 2*07944154, if 238842348 be the 
value of X. 
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traof. 

Tht details qf the work, 

87063353 



i|7|4|i|2|6|7|0|6 
I1I7I4I1I2I6I7I1 



'9 IS 3 93 7 

1I533 3 1 5 

S 3 6 3 I 

072 

l'3 



2071409 

I4I4 


698 
8 19 
207 


207 812 47 2 

1I0391 

2 


4 
2 
I 



2 079218 65 7 

■ ■ * 1I4S5 5 

83.2 

I 04 



21 I. 



2ti,8 



2 I 1,8,2, 



2 J 1,8,2,5, 



(, (8) = 2 o 7 9 4 4 I 5 4, 2 J 1,8,2,5,7,4,5,3, 

63. Therefore, the dual log of 2-38842348 maltiplied by 
238842348 gives the dual log of 8, and hence, 2-38842348 is 
the value of x ia the equation af = 8' true to nine places of 



It is evident that a formula, to be established presently, 
which in all cases reverses the above direct process, will give 
the value of x in the general equation of =a. Since, an in- 
dependent and direct solution of this equation has defied ail 
attempts of mathematicians by arts previously known, it may 
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be necessary, before delivering the general formula, to give at 
length the solutions of one or two particular examples, to 
prevent any misunderstanding. 



1, (2-) 

1, (30 
1. (40 
I (SO 
I, (60 
1, (70 
1, (30 
1, (90 
i, (loO 
l,(iiO 



693 147 1 8, 
109861229, 
138629436, 
160943792, 

179175948, 
194591016, 

207944154, 

219722458, 

230258509,- 

239789528, 



2 1 (2O = 138629436, 

329583687, 

554517744, 

804718960, 

1075055688, 

1362137112, 

1663553232, 

1977502 I 22, 

2302585090, 

2637684808, 



3 i, (30 

4i,(40 

5 1, (SO 
■ 61,(6-) 

7 1, (70 
8 1, (80 

9 1, (90 
10 i, (loO 

iiUiio 



These numbers may be expressed under the general form 
n \, (n) ; but few of them are required. They are used in a 
manner similar to that in which the squares and cubes of the 
nine digits are employed in extracting the square and cube 
roots of common numbers. It will be found convenient to 
arrange the well-known dual numbers \i, jo,i, j 0,0,1, &c. in 
the following order : — 



8 



II 


~i'i, = [9531018, 


or. 


I (i-i) = 


9531018, 


(«). 


roi 


2 8 

= i I. = 1 995033. 


or, 


I (i-oi) = 


99S033. 


(J). 


I 001 


3 S 

= 1 I. = i 999SO, 

_ 1 


or, 


,, (rooi) = 


99950, 


(c). 


I 0001 


4 8 
= 1 I, = j lOOOO, 


or. 


1, (roooi) = 


1 0000, 


(d). 


lOOOOI 


5 8 
= 1 I, = 1 1000, 


or. 


, (rooooi) = 


1000, 


(«). 


&c. 


&c. &C. 




&c. 


&C. 





Given x' = 8, to find the value of x. 
If af = N, then x |, {x) = |, (N) ; 



In the given example x\, (x) = |, (8) = 207944154, 
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64. General solution of the equation 

If X = njM„M^%^ . . = wii-tK-j-KIK-f • • •} 

Then n \ u^,u^ = « { i H^i I K} 

= «{iiK}{i|K} 

= n{l|K}{iHM 
&c. &c. 

w 1 «„«.. w = » { I i K •!■ K + K i K} 

&c. &c. 

Multiply 

a;=niMj,M„M„ «{l iK+K + KiKI ) 

by log X — \,(n)+ufi+ujb+\c+ — 

--II— ■■■M^ ■■■ I'M^IMI 111— M — ...I l»l^l ■■■ laiMMB^l^ 

+ «M,c{l-|r[M,f[«,|[w,|.....} 
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Multiply 

by \y(n)+7i^a 



(wj,(w)+n2^ja){iJK] = j,(Nj); 
na being put =Oj 

Multiply 

ln{i|KiK}J = n{i|KUliK} 



(UN,)+n^.Mi|K})liiK)p^t = l,(NJ; 
ni { I :J- [«^J being put = b^ 

Multiply 

\, (n) + u^a + u^b + u^c 

by n{i i Kl Ki K) = »*{ 1 1 K+ K){i + Kl 



(MN.)+ni.3c{iiKiKIK}){i|K}-UN3); 

nc{ 1 1 [2fc, I [2^, I [ti^} being put = c, 

Multiply 

|, (w) -h i^j^a + u^b + i^gC + ^o^d 



a,(N3) + n^,J(li[t.,|KiK})(l|K} = i,(NJ; 
«rf { I -^ [i«j -J- [i*2 -^ [\] being put st rf^ 

In the same manner the development may be continued. 
When I, (N) ; n |, (n) and a^ become known, then w, may be 
found* 
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If ic =a n I u, then w{ I -{• [w^ } multiplied by |, (n) + u^a = \, (N). 

.*. w i, (n) I n i, (w) [w, + ww,a-J: . • . = j, (N) 

.-. inl(n)[u^ -jrnau^^ . . = |, (N) - ni,(n) 
and .'• Uj may be determined from 

w 1, (w) « 1, (n) 

lO ID * 

Tlien |, (N) ; |, (N J ; and J^^ become known, and u^ may be 
found, for ii' x ^^ n\ u^^u^, then [(n) + u^a + ujb multiplied by 

•=l.(N,){i + [w,} + «A{iiW 
-l.(N,)iMN.)K + «Ai... = i.(N) 

••• il.{N.)K + «Ai-. =UN)-i(Nj 

and .*. w, becomes known from 

1, (N) - i, (N,) 
^ lo' ^ '■ 

Then \, (N) ; j, (NJ ; and c^ becomes known, and u^ may 
be found, for if a? = n\u^,u^,u^f then |, (n) + w^a + w,i + t^,c 
multiplied by {ni-^ [^il f^ai Kl 

= (l.(N,) + «e<'.){liK} 

■=UN.)il.(NJ)K + «,c.i...-i,(N) 
••• il.(N.)[«. + c.«.i... =UN)-i,(N,) 
and .'. Wfl becomes known from 

J,(N)-UNJ 

lo' ^ 
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In the same tnanner u^^u^f &c. may be found, and 

X = n [u^fU^jU^y .... 
becomes known. 

Although the value of 

■{nl{n)[u, + u^a^,^ . . . = 1,(N) -n|,(n) 
may be accurately found, yet it may be put under the form 



'^) + a.)«. = l.(N)-nl,(n) 



for if Wj be taken too great or too small the process may still be 
continued, as the excess or defect will be corrected by the 
succeeding steps. The same remark applies to 

il.(N.)Kfi>.«,|... = l.(N)-l,(N.) 
which is put under the form 

(+^ + ^K = i,(N)-MNO 
to determine u^ ; and so on with respect to u^, u^^ &c. 

Consequently the process is continuous without interruption, 
since x may be represented under a vast number of dual forms, 
all amounting to the same natural number. For example, x was 
found under the form 2 \ 1,8,2,5,7,4,5,3, ^^ ^^^ equation a* = 8 ; 
but X might be found under the form Vi'3'0'8'2'1'7 1I2, each 
of these dual numbers when reduced becomes 2*33842348. 
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CHAPTER IV. 



SPECIAL TREATMENT OF THE DESCENDING BRANCH OF 

DUAL ARITHMETIC. 



65. Although we have defined and described the nature of 
this branch of dual arithmetic, yet, to avoid complication, the 
special treatment and practical application of this branch of the 
art have been postponed until now ; the method thus pursued 
will be found to possess many advantages. 

When both branches are judiciously combined, great power 
is gained and much labour saved. Operations, that might be 
cumbersome with either branch, may be rendered simple and 
concise by combining both. 

In the descending branch, the bases '9; '99; '999; &c. or 
I — 'I ; I — '01 ; 1 — 'OOI ; &c. are employed in a manner 
similar to that in which the bases i*i ; I'Oi; I'ppi ; &c. or 
I + 'I ; I + 'Oi ; I + 'OOi ; &c. are engaged in the ascending 
branch. See Articles (i) to (7), pp. i to 6. 

(i - -i)^ (i - -oi)* (i - •001)'' (i - -oooi)^ 
= (-9)' (-99)* (-999)' (-9999)' = -508715701 

and is represented thus, 

,6,4>3,5 AO,o,o t = 508715701 



66. DETAILS OF TWO METHODS OF SEDUCTION. 



By coaUnmUy Subtracting. 



y Binomial Coeffidents, or 
Operative Nvanbera. 



I-OOOOOOOOO 
lOOOOOOOO 

90OO<xxx)o 
900000CXI 

810000000 
81000000 



■6 1 



'4t 



■3! 



729000000 

72900000 

65 6 1 00000 

656 lOOOO 

590490000 

59049000 

S3J1441000 

Is 3 J44'0 

526126590 

5 261266 

520865324 

5208653 

51 5656671 

5 I 56567 

5101500104 

15 10500 

509989604 

509989 

509479615 

509479 

S089I70136 



o 0:00 

olo|o' 
5|0,o 

200 

Ms 



'6 1 



'4l 



•3f 



'5 1 



In particalai cases, the reduction will 
be found more convenient b^ operating 
with binomial coefficients, when proper 
contractions are employed ; but the re 
duction by continually subtracting is 
best suited for forming a table, or to 
obtain a consecutive series of these num- 
bers. The following table (A), will be 
Q 



S3l"44i 


00 


0. H 


2I12S7 


64 


0. - 


3'8 


86 


5.^ 


2 


I 2 


6.- 




5-H 


5101500104 + 
1I531500- 


■532 + 


50897013 


5 + 


2I5448 


5 - 


5 


I + 



I04 



DUAL ASITHMETIC. 



5089 



'5 t 

4 



70136 
50897 



508919239 
50892 

508868347 
50887 

5088 17460 
50882 

508766578 

50877 

•5087I57OI 



found useful in reducing numbers to a 
dual form; it is constructed with the 
greatest ease, each natural or common 
number being obtained from the pre- 
ceding one, by subtracting each digit of 
the line above with o, suppose after it, 
from the digit to its left. For example, 
take 6561, which imagine to be 65610. 
Then i from o gives 9, carry i to 
6 = 7 from I gives 4, carry i to 
5=6 from 6 gives o, carry o to 
6 = 6 from 5 gives 9, and i from 6 
gives 5 ; thus 59049 is instantly found. 



Table (A). 





Common number. 


Dual number. 


Dual log negatiye. 


(•9)' 


■9 


'I . 


•■t 


'10536052! 


(■9)' 


•81 


'2. 


•t 


'21072104! 


(•9)' 


729 


'3- 


. 1 


'31608156! 


(•9)* 


•6561 


'4- 


•t 


'42144208! 


(•9)' 


■59049 


■s- 


■t 


'52680260! 


(-9)' 


•531441 


'6., 


•! 


'632 163 12! 


(•9)' 


•4782969 


'7-- 


•t 


'73752364! 


(•9)" 


•4304672 1 


'8.. 


■t 


'84288416! 


(•9)° 


•387420489 


'9.. 


, t 


'9482/I/168 ! 



67. The dual logarithms- are found by multiplying 10536052 
by I, 2, 3, &c. respectively. 



ELEMENTS OF THE DESCENDING BRANCH. I OS 

'iVoVo'cVof = '10536052 I = 'I I 

8 1 

'o'lVo'o'oVof = '1005034 t = 'M 

8 2 

b'o'i'o'ob'o'oj = '100050 1 = 'I I 

8 3 

'oVo'o'i'Q'o'o'oj = 'lOOOO \ = 'i \ 

8 4 

&c. &c. &c 

Because (-9) i i, 1,0,1 AOAi, = i* 

and by (12), { 1,1,0,1,0,0,0,1, = i 10536052, 

8 

and ,'. '10536052 I = i - 10536052, 

8 

or '10536052 I = i - 10536052, 

Dual log of (-9), or {, (-9) 10536052, 

A dual number reduced to the eight position being termed a 
a dual logarithm, the 8, marking this position, for the sake of 
brevity^ is omitted in the descending as well as in the ascending 
branch. 

- 10536052, = (-9) 'I = '10536052 

Again, 

(•99) \ 0,1,0,1,0,0,0,1, = r but i 0,1,0,1,0,0,0,1, = \ 1005034, 

.*. '1005034 1 = 1- 1005034, 

or 'I I = '1005034 t 

2 8 

|, (-99) = — 1005034, written '1005034 

And again, because 

(•999) 1 0,0,1,0,0,1,0,0, = r but 1 0,0,1,0,0,1,0,0, = 1 100050, 

.-. 'looosoj = i- 100050, 

or 'I I = '100050 I 

3 8 

&c. = &c. 



I06 DUAL ABITHMETia 

Then it is readily shown that 

•5087 1 5701 = '67586598 1 = '6'4'3's'o'o'o'o f 

'6'4'3'5'o'o'o'o t 

3 2 1 6 3 I 2 six times 536052 

20136 four times 5034 

150 three times 50 

'67586598I 

So that anj descending dual number may be reduced to it8 
eight position bj adding to the dual number, considered as a 
common number, 536052 multiplied hj the first dual digit, 
5034 multiplied by the second, and 50 by the third dual digit. 
See Rule, Article (14), page 19. 



JEx. Let it be required to redtuse '6'6'o'6'8'2'o*3 | to its eight 
position, or to its dtial logarithm. 

66068203 
3216312 six times 536052 
30204 six times 5034 



69314719 



.'. '69314719 f = '6'6V6'8'2V3 t 

8 



This Bule is easily reversed, and a descending dual logarithm 
reduced to a descending dual number. See Bule, Article (15), 
page 21. 

Examples. 

I. Reduce the descending dual logs^tbm '693147181 to its 
corresponding dual number. 



ELEMENTS OF THE DESCENDING BRANCH. lO/ 

'69314719 

3 2 I 6 3 I 2 six times 536052 



66098407 

30204 six times 5034 



'6'6'o'6'8'2'o'3 t 



. •. '69314719 1 = '6'6V8'2'o'3 I 

As the third dual digit is o, no multiple of 50 has to be 
subtracted^ 



2. Reduce the descending dual logarithm '67586598 1 to its 
corresponding dual number. 

'67586598 

3216312 six times 536052 



'64370286 

20136 four times 5034 

'64350150 

150 three times 50 

'6'4'3'5'o'o'o'o I 
.-. '67586598 t = '6'4'3'5'o'o'o'o f 

68. If dual logarithms of the ascending branch be considered 
positive, those of the descending branch must be considered 
negative, and vice versd. 



^®^^^ (roooooooi) ^ (99999999) very nearly. 



•• (roooooooi)^ " ('99999999) ; 



I08 DUAL ABITHHETIC. 

But 



8 

• • > ! = 1 -P' 

8 



Actual division of v by VOOOQOOOI ; 

loooooooi ) loooocxxxx) ( 99999999 

900CK)ooo9 



999999910 
9cxxxx)(x)9 

999999010 
900000009 

999990010 
900000009 

999900010 
900000009 

999000010 
900000009 

990000010 
900000009 

900000010 
900000009 

Remainder i 

Hence, the log of '508715701, found by the descending 
process, is the same as the log of '508715701, with a negative 
sign, found by the ascending process ; for 

2C508715701) = 1017431402 = 10,1,7,3,3,4,4,0, 
and 10,1,7,3,3,4,4,0, = i 1728 123, ; 



ELEMENTS OF THE DESCENDING BRANCH. IO9 

But 

M2) + i, (-508715701) = 1, (1-017431402) 

.-. i,C5o87i57oi) = 1,(1-017431402) - i,(2) 

- ,(2) =-69314718, 

,(roi74..)= 1728123, 



.-. -508715701 = 1-67586595, 

It was before shown that 

•508715701 ='67586598! 
results that may be said to coincide. 

Table (B) is very easily constructed by subtracting as follows ; 
and adding the constant log '1005034 1. 

•99000000 = 'o'l . . f = '1005034 1 
990000 



•98010000 = 'o'2 . . I = '2010068 1 
980100 

•97029900 = '0*3 . . I = '301 5 102 I 
970299 



•96059601 = 'o'4 . . I = '40201 36 1 
960596 



•95099005 = 'o'5 . . f = '5025 170 1 
&c. &c. &c. 



The numbers corresponding to 'I'o . . f '2'o . . | '3*0 . . \ 
&c. are obtained from Table (A). 



no 



DUAL ARITHMETIC. 



Table (B). 



CouunonNua.be™. j^^^^ ^^J^S^' 


•99OOOCXX) 


O'l . , 


'1005034 


•98010000 


'0'2. 


. t '2010068 


•97029900 


•o'3. 


. 1 '301 5 102 


•96059601 


•o'4. 


. 1 '4020136 


•95099005 


•o'5 . 


I '5025170 


'94148015 


'o'6. 


, 1 '6030204 


•93206535 


'o'7. 


. j '7035238 


•92274470 


'o'8 . , 


\ '804027^ 


•91351725 


•o'9. 


'9045306 


•90000000 


'I'O . . 


I '10536052 


•89100000 


I'l . 


. j '11541086 


•88209000 


I'2.. 


'I2546I20 


•87326910 


'i'3 ■ . 


1 '13551154 


•86453641 


■i'4 . . 


•I4556I88 


•85589105 


I'S • ■ 


t 'I556I222 


•84733214 


'i'6. 


'16566256 


•83885882 


i'7., 


t 'I757I290 


•83047023 


i'8. 


'18576324 


•82216553 


■i'9. 


1 'I958I358 


•81000000 


2'0.. 


'2 1072 104 


•80190000 


2'l . . 


I '22077138 


•79388100 ' 


2'2.. 


\ '23082172 


•78594219 


'2'3- 


, \ '24087206 


•77808277 


2'4.- 


\ '25092240 


•77030194 


'2'5 • ■ 


\ '26097274 


•76259892 


'2'6 . , 


1 '27102308 


75497293 


2'7.. 


f '28107342 


•74742320 


■2'8 . . 


'29112376 



Ill 



Table (B) — continued. 



„ . Degoending Dual Logarithms ; 


nrnon Nnmbers. ^^^ Number. negatiTe. 


73994897 


■2-9. 


'30117410 


72900000 ' 


'3'o. 


. j '31608156 


72171OOO ' 


'3'i- 


. j '32613190 


71449290 


3'2. 


. j '33618224 


•70734797 


3'3. 


. 1 '34623258 


70027449 


'3'4. 


'35628292 


•6932717s 


3'5. 


• i '36633326 


•68633903 


'3'6. 


. i '37638360 


•67947564 


'3'7- 


. i '38643394 


•67268088 


'3'8. 


. 1 '39648428 


■66595407 


•3'9- 


. I '40653462 


•65610000 


'4'o. 


. \ '42144208 


•64953900 


'4'i. 


. j . '43149242 


•64304361 


'4'2. 


. i '44154276 


•6366 1 3 17 


'4'3. 


• t '45 1 593 10 


•63024704 


'4'4. 


. i '46164344 


•62394457 


VS- 


. 1 '47179378 


•61770512 


■4'6. 


. j '48184412 


•61 I 52807 


4'7. 


. f '49189446 


•60541279 ' 


■4'8. 


.' 1 '50194480 


•59935866 


'4'9- 


•i '51199514 


•59049000 


'5'o. 


'52680260 


•58458510 


■5'i. 


'53685294 


•57873925 


5'2. 


. j '54690328 


•57295186 ' 


'5'3- 


. t '55695362 


•56722234 


S'4. 


'56700396 


•56155012 


'5'5. 


. i '57705430 


•55593462 


5'6. 


. j '58710464 


•55037527 


'5'7. 


. t '59715498 


•54487152 


'5'8. 


. j '60720532. 


•53942280 


5'9- 


. j '61725566 



B 
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DUAL ARITHMETIC. 


Table (B)—ci 


ontiniied. 


Common Nnmben*. 


Descending Dual Logarithms; 


^^ ^^ ^^^^^ ^^^^^ ^^ ^m^m 4h • * ^ ^b^v^P ^m^ ^fc ^h • '# 


Dual Number. negative. 


•53144100 


•6'o . . 


\ '632163 12 


•52612659 


•6'i . . 


1 '64221346 


•52086532 


•6'2 . . 


'65226380 


•51565667 


•6*3 . . 


1 '6623 1414 


•51050010 


'6'4 . . 


t '67236448 


•50539510 


•6'5 . . 


i '68241478 


•500341 1 5 


'6'6 . . 


t '69246512 


•49533774 


•6'7 . . 


j '70251546 


•49038436 


'6'8 . . 


1 '71256580 


•48548052 


•6'9 . . 


1 '72261614 


•47829690 


yo . . 


i '73752364 


•47351393 


yi • . 


t '74757398 


•46877879 


72.. 


t '75762432 


.46409100 


'7'3 . . 


1 ye^e^r^ 


•45945009 


'7'4 . . 


t '77772500 


-45485459 


ys . . 


1 '78777534 


•45030604 


ye . . 


t '79782568 


•44580298 


77 • ■ 


t '80787602 


-44134495 


ys . . 


f '81792636 


•43693150 


79- 


\ '82797670 


•4304672 1 


'8'o . . 


j '84288416 


•42616254 


'8'i . . 


t '85293450 


•42 19009 1 


'8'2 . . 


\ '86298484 


•41768 190 


'8'3 . . 


t '87303518 


•41350508 


*8'4 . . 


'88308552 


•40937003 


'8'5 . . 


1 '89313586 


•40527633 


'8'6 . . 


'90318620 


•40122357 


'8'7 . . 


1 '91323654 


•39721 133 


•8'8 . . 


'92328088 


•39323922 


•8'9 . . 


1 '93333722 


•38742049 


'9'o . . 


1 '9482446S 



DESCENDING DUAL NUMBERS AND LOGARITHMS. UJ 

Table (B) is easily extended in a similar manner by con- 
tinually subtracting and adding 100050 to the logarithms as 
follows : — 



>^>^» 



•99900000 = 00 I 
99900 



•99800100 = 'o'o'2 
99800 



»^»^». 



'99700300 = 003 . 
99700 



•99600600 = 'o*o'4 . . 
99601 



>^»^j, 



•99501099 = 005 
99SOI 



•99401598 = 'o'o'6 
99402 



'99302196 = 'o'o'7 , . 
99302 



•99202894 = 'o*o'8 . . 
99203 



•99 10369 1 = 'o'o'9 . 
•99000000 = Vi'o , 



&c. 



&c. 



= '100050 f 

= '200100} 

= '300150! 

= '400200 1 

= '500250! 

= '600300 1 

= '700350 1 

= '800400 1 

= '900450! 
=='1005034! 

&c. 



The numbers corresponding to 'o'l . . ! '0*2 . . ! '0*3 . . ! &c. 
are obtained from Table (B), and those corresponding to 
*i . . ! '2 , . ! '3 . . ! &c. are given in table (A). 



Hence, a table of descending dual numbers may be formed 
with great ease, in a short time, to any required extent. 
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OPERATIONS WITH THE DESCENDING BRANCH OP DUAL ARITH- 
METIC, INDEPENDENT OF THE ASCENDING BRANCH. 

When operating with the descending branch alone, the digits, 
for the sake of convenience, may be placed to the right of the 
sign I ; a dual number so expressed is sufficiently distinguished 
from one of the ascending branch whose digits are to the right 
of I ; the point of the arrow pointing up in the former case, and 
down in the latter. 

Examples. 

I. Find the dual logarithms of 2* by the descending process. 

i'Scxxxxxx) = i = 1 '6'6'o'ff8'2'o'3 

3 2 I 6 3 I 2 six times 536052 
30204 six times 5030 



t '69314719 

8 



.'. Dual log (i), written \, (|) = - 69314719, = '69314719 

. '. Dual log of (2") written \y (2) = + 693 147 19, which agrees, 
to a unit in the eight place, with the logarithm of the same 
number found by the direct process. 

•500341 1 5 = 1 6,6, may be taken from Table (B) or directly 
calculated. 



'6'6 . . . I = 5003 

3 



41 IS + 
0020 — 



'6! 7 + 
4 



'8 f 50004 
4 



102 
009 



'2 1 I 



02 
00 



'3t 2 

2 



•/ •'6'6'o'6'8'2'o'3 I above written | '6'6'o'6'8'2'o'3 = \. 



REDUCTION OF DESCENDING DUAL NUMBERS. 



lis 



2. Find the dual logarithm of lo* by the descending process. 



.10 



2'" = 1024 

io24|'o'2'3'6'i'4'3'2 = 1000 = 10' 

t'o'2'3'6'iV3'2 

I 0068 two times 5034 
150 three times 50 



'2371650I 



1,(2^ = 693147180, 
'2371650 



3)690775530 = 1,(10') 
/. 1, (10) = 230258510 

This result agrees with that found by the direct process to a 
unit in the ninth place, the logarithm before found being 
230258509. 

The reduction in detail. 



'2f 10 



24 
20 



00 
48 
10 



00 
00 

24 



O . + 
o . — 

o. + 



= {2r 



'3 f 100 

3 



362 
301 



240 + 
087 - 

,30 1 4- 



'6} 10006 1 45 
6003 



I 



4 + 

7 - 

5 + 



10000I1432 

.'. b*2'3'6'i'4'3'2| 1024 above written 102410,2,3,6,1,4,3,2, 
is equal 1000 = IO^ 
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DUAL ABITHMETIC. 



3. Find the dual logarithm of 947*015 10 bj the descending 
process. 

94701 5 10 = (lo*) (-94701510) 

•947015 10 = 'o's'4'i'8'6's'6| 

25170 five times 5034 
200 four times 50 



I, (-94701510) 



'5444026I 
+ 690775527, 

'5444026 

685331501, = 1,(947-0151) 



Reducing Process. 



•947 o I 5 I o 



'o'5 . . I = 950 

3 

3 



'8 1 



5 



'6t 

6 
8 



990 
803 

5 



OS + 
96- 

71 + 



9471 



9180 
9472 



94709708 _ 

• t - 



given number, 
from table (B). 



8 
7 



198 
577 



diff. 



62 I 
568 



S 



■7 

6| 



. -. 'o'5'4'i'8'6'5'6 1 = -947015 10, 
which is written 'o'5'4'i'8'6'5'6 \ for the sake of convenience. 



REDUCTION OF DESCENDING DUAL NUMBERS. 11/ 

It is easily shown by the ascending system that 

947-0151 = 2»(io)'l i,7,3»7,4,2,3,S» 

.-. V5'4'i'8'ff5'6f (io)» = 2'(io/l 1,7,3,7,4,2,3,5, 

.-. 'o'5'4'i'8'6's'6 1 (10) = 2' 1 1,7,3.7.4.2,3.5. 

= 2' i 1,7,3.7.4.2.3.5; 
may be represented by 

2'{i + [i + [7i[3 + [7 + [4+[2 + [3 + [5}; 

and 

0,5,4,1,8,6,5,6, t (10) 

is represented thus 

io{it[o+[S + [4+[i + [8 + [6t[S|[6} 

I being the sign nsed in the ascending branch, 

and 
^ the sign employed in the descending. 

••• 4{ii[i + [7i[3^..}=S{i + [o|[5H4f....} 

4. Find the dual number and logarithm of 179-170165 by the 
descending method. 

To prepare a number to be operated upon by the" descending 
process, it is necessary to reduce the given number to a decimal 
fraction ; the nearer it is brought to '99 .... the more readily 
are its dual representatives found. The necessary preliminary 
reductions are easily effected by the use of the numbers 10 
and 2. 

179-170165 = (2) (10)* (-895850825) 

•895850825 ='iV5'4'f8'37f 

536052 
250 



10998139, negative, written * 10998 139 
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DUAL ARITHHETIC. 



i.(ro') 

1.(2) 



4605 1 701 8, 
693 147 1 8, 



H- 529831736, 
1,0895850825)= '10998139 



5 18833597, = 1,(179-170165) 



Reduction. 



•895 850825 



'ib..| = 



3 



'4t 

4 



'M 



'8 I 

6 

'3! 

7 

'7\ 

8 



•900 

4 



000 
500 

9 



000 + 
000 — 
000 + 

9- 



8955 
3 



0899 
5820 

9 



I + 

3 + 
+ 



895867284 
• t 



number to be reduced. 



5fc3 
ns 



6459 
8959 



7 
7 



500 
I 67 



3 
2 



33 
69 



6 
6 



4 
3 



In the dual number 'I'o'sVi'S'sVt one of the digits '4 t is 

_ * 

negative, the operating numbers for '4 in the descending process 

are + i; +4; + 10; +20; &c. 



ELEMENTS OP THE DESCENDING BRANCH. 1 19 

In the ascending branch, the operating numbers for 4, are 
+ I ; - 4; + 10; - 20; &c. 

'iVs'Ji'S's';! = {if [i|[o|[5*-[4| } descending branch. 

I 2,3,5,1, = {i j [2 1 [3 — [5 1 . . . } ascending branch. 

— being the negative sign in the ascending branch. 

and 

— the negative sign employed in the descending branch. 

1 ; -J- ; — ► ; ascending signs. 
I ; -f ; ♦— ; descending signs. 

In ascending developments the natural numbers continually 
increase or ascend, while in descending developments the natural 
numbers continually decrease or descend ; but in both branches 
the arrows point to the greater number. 

179-170165 = 'i'o'5Ti'8'37 1 (lo*) (2) 
= (io^(2){i|[if[oH5-[4HiH8H3t[7} 

= {518833597, 

and 

1,(179170165) = + 518833579, 

or dual log of 

(179170165) = 518833579, 

The operating numbers or binomial coefficients for both the 
ascending and descending processes, and for both positive and 
negative dual digits may be determined and registered in the 
following convenient tabulated form. (See page 120.) 

s 
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DUAL ARITHMETIC. 




ELEMENTS OF THE DESCENDING BRANCH. 121 

When the perpendicular and horizontal lines of units 
are set down, the other numbers are found by simply adding 
diagonally. 

For a dual digit, as 4; on the fourth diagonal line the 
operating numbers i ; 4 ; 6 ; 4 ; i are found, and on the 
fourth horizontal or perpendicular line the operating numbers 
I; 4; 10; 20; 35; &c. are found. These numbers, with the 
proper signs, are employed in both the ascending and descending 
operations for the dual digit 4 whether it be positive or negative. 
The operating numbers for any other dual digit from i to 9 are 
found in the same way in the above table. 

Ascending branch. 

For the dual digit 4 

( When positive -i-i;4-4; +6; +4;+! | 
\ When negative -f i ; - 4; + 10; 4- 20; - &c. j 

Descending branch. 

For the dual digit 4 

When positive +i;— 4; +6; — 4; + ! 



When negative 



ve + i; -4; +6; -4; + I ) 
ive + I ; + 4 ; + 10 ; +20; + &c. j 



1 
1 4, = r464iooocx) 

i4, = -683013455 

'4 f = '6s6iooocK> 
1 

'4 I = 1-524157503 
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DUAL DEVELOPMENTS BY THE APPLICATION OF BOTH THE 
ASCENDING AND DESCENDING BRANCHES OF THE ART 
COMBINED. 

s 
N = \W . . . n\m U^yU,^,U^y . . . = I w, 

or, 

8 

N = ^v'v'v . . . n\mu;ii;Wy ... = | n, 

Dual log of N = w, is written 
I (N) = n, 

5 

I u, may be written \ u^ or | o,o,o,o,u, 
V \ may be written 'Vj . . f or 'o'o'i; . . f 

m represents some power of lo and n some power of 2. 

It may be observed that a dual development has TWO 
branches, {*v*v*v.. . |) and {[ u,u,u, . . . ) ; A DOUBLE sign (1) ; 
TWO ultimate values, the natural number (N) and its logarithm 
(n,) to a known base ; and TWO powers (m and n) of TWO 
simple numbers (lo and 2) ; hence the art has a good claim to 
the title Dual Arithmetic. 

To find the dual log of 3* and 9* 

8 

10 = 9| 1,1,0,1,0,0,0,1, = 9l 10536052, 

1,(10) = 230258509, 
10536052, 



j, (9) = 219722457, 
1,(3) = 109861229, 



COMBINATION OF BOTH BRANCHES. 



»23 



I. Find the dual logarithm of 3' 141 5926535 and give all the 
mes employed in the operation. 

31415926535 

3 



942477796 • ■ 



'o'6 . . t = 



•9424777 


96 


•941 


48 c 

941 


.149 
480 


942 

• • 


42 1629 

• 


4; 


>i67 

' I 21 


9 

8 


• 046 
I482 




5 

5 


64 
65 



3 



5 

is, 

\9. 

7 

i6, 



10 



. •. 3141 59265 . . = V6VoWo'o'o t { \ 0,0,1 AS>9»6,o, 

30204 50 



'6030204 
I o 5 9 I o, 



I o 5 9 I o. 



negative '5924294 



I, (10) = 230258509, 
M3)= 1 0986 1 229, 

120397280, 
'5924294 



. i,(7r) = 1 14472986, 
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ir = 1? { I l[6 i [I + [5 i [9 i[6} in which but five digits are 

employed, one belonging to the descending branch, namely, (6)' 
and four belonging to the ascending branch, (1,5,9,6,). By com- 
paring developments by each branch separately, and with both 
branches combined, the advantages to be gained by the combined 
operation will be readily perceived. Yet, in particular develop- 
ments, the application of the ascending or descending branch 
alone will be found most convenient. 

Descending, 
11 1 1 1 1 1 1 1 = To'o'o'o'o'o'o I = — 10536052 } 

8 

.*. i,(riiiiiiii) « 4- 10536052, 

Ascending. 
run II 1 1 = i 1,1,0,1,0,0,0,1, = i 10536052, 

Descending. 
1-23456789 = 'a'o'o'o'o'o'o'o I = - 2 1072 104 \ 

8 
.-. i, (1-23456789) = + 2IO72IO4, 

Descending. * 
1-37174211 = '3'o*o'oVo*o'o I = - 3 1608 1 56 I 

8 
.-. 1,(1-37174211) = + 31608156, 

2. Find the dual logarithm and dual number corresponding 
to -765432110. 
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BY BOTH BRANCHES COMBINED. 



76 S 4 32 1 1 o given number 



•3t- 



72 

3 



9000 
6450 



000 
000 
7129000 
7'29Jo 



2 
15. 



•M 





3l6 


766186 


326 


1766 


186 


765420140 


1 1 970 


7654 


4316 


3827 


489 


465 


24 




23 



6 

15. 

7 

16. 

8 

I 3, 



76543211 = '3ViVo'oVoto,5,o,o,i,5,6,3» = '26731478} 

Hfduction to a Dtml Logarithm, 
See (12), (13), (14). 

4- '3'o'iVoVo'oIo,5,o,o,i,5,6,3» + 
4- I S0005 25000 - 

+ 1081 56 165 + 



'31708206 4976728, 
4976728, 



'2673 1478 

.-. 1,(76543211) = '26731478 
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BeAtction hy the Ascending Branch. 



7)765432110 



Number to be reduced 

2 

l9,= 



109347444 


1093 6852 7 + 
21874- 

3 + 


1093 4665 6 


788 
76 s 




23 
22 



_ 7 



^(109347444) 

4 
\2, 



6 

\7, 

7 
8 



7 - ® 

. •. 765432 1 1 = ^ i o,9,o,2,o,7>2A = i - 2673 1476, 



fifee JXttfo, -4r^icfe (12). 



297 + nine times 33 

i o,9,o,2,o,7>2A 

45000 — subtract. 



1(7) = 



8936017 
194591016 



203527033 + 
|,(io) = 230258509- 



26y ^1 476 — or '26731476 



COMBINATION OF BOTH BRANCHES. 
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Bediuition by the Descending Branch, 

765 4 3 2 1 1 o given namber. 



>^» 



2'S • • t = 

■61 

8 



'3t 

4 



'3f 

5 



•«.' 



'2 1 

8 



770 

4 



301 

62 I 

I I 



940 + 
81 2 - 

55 7 + 
15- 



7656 
2 



9167 

2970 

2 



+ 
8- 

3 + 



765461985 



2 
2 



9875 
2974 



6 
6 



90 I 
889 



1I2 



76543211 = '2'5'ff3'3yo'2 I = '26731476 t 

and 
•*. 1, (7654321 1) = '26731476 



Reduction by the Rule, page 19. 

'2'5'6'3'3 W2 t 
1025300 5 times 205060 
72104 2 times 36052 
170 5 times 34 

'26731476 

Reductions may be effected in a great namber of ways by 
both branches of the art, jointly or severally applied. Every 
method is continuous without interruption, since no incon- 
venience is experienced by intermediate results becoming too 

T 
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great or too small within proper limits. However, the best 
method to be employed in each particular case must be left to 
the skiU or design of the operator. 

76543211 = ^{iH9-^[2 + [7H2}. 

8 

-{i+[3Hi + [5 + [i|[5|[6|[3} 

1 B 

In general terms, 



't^^'o'Sj'oX . . 



r 

8 






= i{i + K-K}{i-[t^s+K+W{i + K} 



r 

8 

&C. &C. &C. 



From the foregoing practical applications of the dual signs, 
it is presumed that their functions, or the operations indicated 
by them, will be understood. 

C I i ~* "i" ascending. 
Dual signs •< j both branches combined. 

I I -f -^ -f descending. 

A dual number reduced to the eight position, on account of 
its practical importance, is termed a dual logarithm. In practice 
it is seldom necessary to use more than eight dual digits, or a 
dual number reduced to a higher position than the eight, since 
results are rarely riequired to be true beyond the seventh decimal 
place. However, a system may be soon framed to secure any 
required degree of accuracy ; as an example of such extensions, 
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dual numbers to the seventeenth position are employed in the 
following developments. 



h ^ "=io,9,S7»S»9»7.3>S»7,i.2,5,9,4,7,7,= 

0,1, = ]o,o,9>9>S>4,8,7,3,i.o,44,S,S,2,o, = 

0,0,1, = lo,o,o,9,9>9>S4>S»7A4>6,o,S,9,6, = 

0,0,0, 1, = i op,o,o,9,9>9>9>S,4,5,4,8,7>S,7>6, = 

lo,o,o,o, I = \ 0,0,0,0,0,9,9,9,9,9,5,4,54,5,8,0, = 

|o,o,o,o,o, I, = i 0,0,0,0,0,0,9,9,9,9,9,9,5,4,5,4,5, = 

1 0,0,0,0,0,0, 1, = i 0,0,0,0,0,0,0,9,9,9,9,9,9,9,5,4,5, = 
10,0,0,0,0,0,0, i,= 10,0,0,0,0,0,0,0,9,9,9,9,9,9,9,9,5, = 



95 3 1 o 1 798043 2486,0 1 6 
995033085316808,288 
99950033308353,350 
9999500033330,833 

999995000033,333 
99999950000,033 

9999999500, 
999999995, 



The work of one of these reductions will show how the above 
results are obtained. 



5 
l9. 



10000:00000 
90000 

3 



00000 

00000 

60000 

8 



000 
000 
000 
400 



6 

l9. 



100009 



000360 
900081 

3 



008400 

00324a 

600324 

8 



7 
l9, 



8 

\9, 



9 



IOC0099 


0044461 
9000891 

3 


1972 
0400 
6004 


10000999 


04535583 
90008991 

3 


76 

41 
60 



100009999 



454457877 
500049997 

I 



1000099999 54 507 87s 
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ioocx)99999 54S0 78 75 

10 45492125 

^ ^ 400040CX) 

n 5488125 

* ^' 5cx)05oo 

l"4, 487625 
' * 400040. 

.^"o 8;s85 
* ' 80008 



1"- 7 5 77 

* '' 7001 

16 

i 5.7.6, 



4 



.'. rocx>i = i I, = 10,0,0,0,9,9,9,9,54,5,4,8,7,5,7,6, 

(See ** Dual Arithmetic, a New Art," page 42, and " The 
Young Dual ArithmeticiaD," pp. 72 to 80.) 

12 3 

The dual numbers | i, ; | i, ; | i, ; &c. are reduced to the 
seventeenth position as follows. 

17 8 

i 0,0 AO,o,o,o, 1 ,0,0 AO,o,o,o,o,o, = i 999999995 , = j i , 

17 

Mult, by 9 \ 0,0,0,0,0,0,0,9,0,0,0,0,0,0,0,0,0, = I 899999995 5, (a) 
Add 9>9>9>9>9>9>5>4,5> 999999545> 

io,o,OAO,o,o,9,9,9,9,9,9,9,54,5, = | 9999999500, = 1 1, 

17 7 

.-. i o,o,o,OAO, 1,0,0,0,0,0,0,0,0,0,0, = I 9999999500 , = 1 1, 

17 

Mult, by 9 i o,o,o,o,o;o,9,o,o,o,o,o,o,o,o,o,o, = | 89999995 500, (b) 

17 

9,0,0,0,0,0,0,0,0,0, = I 8999999955, (a) 
A^^ 9>9>9>9>S>4>5>4>5> 999954545> 

10,0,0,0,0,0,9,9,9,9,9,9,5,4,5,4,5, = I 99999950000, = 1 1, 



EXTENDED DEVELOPMENTS. I3I 

17 6 

.*. i 0,0.0,0,0, 1,0,0,0,0,0,0,0,0,0,0,0,=! 99999950000,=! I, 

by g H 0,0,0,0,0,9,0,0,0,0,0,0,0,0,0,0,0, = i 8999995 soooo, (c) 

9,0,0,0,0,0,0,0,0,0,0,= 89999995500, (b) 
9,0,0,0,0,0,0,0,0,0, = 899999995 5 , (a) 

Add 9.9>54,5,4,5»7,9>= 995454579* 

17 
i 0,0,0,0,0,9,9,9,9,9,54,54,5,7,9, = j 999995000033, 



17 6 
.-. 1 0,0,0,0, 1,0,0,0,0,0,0,0,0,0,0,0,0, = 1 999995000033, = ! I, 

by 9 I i 0,0,0,0,9,0,0,0,0,0,0,0,0,0,0,0,0, = 1 8999955000300, (d) 

9,0,0,0,0,0,0,0,0,0,0,0,= 899999550000, (c) 

9,0,0,0,0,0,0,0,0,0,0,= 89999995500, lb) 

9,0,0,0,0,0,0,0,0,0,= 899999995 s, (a) 

Add 5,4,5,4,8,7,5>7A= 545487576, 

17 

io,o,o,o,9,9,9,9,5,4,54,8,7,5,7,6,=l 9999500033331, 



17 4 

.-. 1 0,0,0, 1,0,0,0,0,0,0,0,0,0,0,0,0,0, =i 9999500033331,=! I„ 

by g'H 0,0,0,9,0,0,0,0,0,0,0,0,0,0,0,0,0, = i 89995500299977, (6) 

9,0,0,0,0,0,0,0,0,0,0,0,0, = 899995 5 000300, {d) 
9,0,0,0,0,0,0,0,0,0,0,0,= 899999550000, (c) 

7 

5,0,0,0,0,0,0,0,0,0,0,= 49999997500, 15,. 

8 
4,0,0,0,0,0,0,0,0,0, = 3999999980, 1 4, 

Add 5»7,8,4,6,o,5,9,6,= 578460596, 

17 
10,0,0,9,9,9,5,4,5,7,8,4,6,0,5,9,6,= ! 99950033308353, 
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.-. lo,o,i,o,o,o,o,o,o,o,o,o.o,o,o,o,o,=l 999500333083s 3.=i I. 
Mult.1 



])Y g >■ 10,0,9,0,0,0,0,0,0,0.0,0.0,0,0,0,0. 

9,0,0,0,0,0 ,0,0,0,0,0,0,0,0, 

5 ,0,0,0,0,0,0,0,0,0,0,0,0, 

4,0,0,0,0.0,0,0,0,0,0.0, 

8,0,0,0,0,0,0,0,0,0,0, 

7,0 .0,0,0,0,0,0,0,0. 



[399550299775180. (/) 

89995500299977, (e) 

4999975000167, Is, 

399999800000, 1 4. 
I 
79999996000, 18, 

699999996s, l7, 



Add i,ifiAA,S'$'2<o>= 310445520, 

IT 

l<^c^9,9,S4,8,7,3,i A4.4.5-5.2A=1 9950330853 16809, 

.•. jai,o,o,o,o,o,o,o,o,o,o,o,o,o,o,o,=l 995033085316809,=! I, 

Mult) iJ » 

jjyq Mo,9,o,o,o,o,o,o,o,o,o,o,o,o,o,o,o,=i 8955297767851275, [9, 

5,0,0,0,0,0,0,0,0,0,0,0,0.0,0, = 499750166541767, l5, 

7,0,0,0,0,0,0,0,0,0,0,0,0,0, = 69996500233316, I/, 

5,0,0,0,0,0,0,0,0,0,0,0,0, = 4999975000167, Is, 

9,0,0,0,0,0,0,0,0,0,0,0, = ^99999550000, I9, 

T 

7,0,0,0,0,0,0,0,0,0,0, = 69999996500, l7, 

3,0,0,0,0,0,0,0,0,0, = 29999999S5, I3, 

Add 5.7.1.2,5,9-4,7.7. = - 571259477- 

IT 

lo,9.5-7-5.9.7.3.5.7.i'2,5,9,4,7-7.=i953ioi798o432487, 
. ■ . I [ ,OAO.o.o,o AO,OAO,o,o,o.o,o,=i 95 3 10 1 7980432486, 
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The numbers here registered are true to the last figure ; to 
secure the designed degree of accuracy, the calculations were 
made for dual numbers of twenty digits, and when broken off 
to seventeen, the proper allowances were made. The same 
degree of accuracy is established in the following tabulated 
multiples in a similar manner. 



The values of 'i|; 'o'l |; 'o'o'i | ; &c., in the seventeenth 
position were found as follows. 



Since 'qI i,i,o,iAOAiAOAO,OAO,iA = i. 



1 1^ 


r 

953 1017980432486,016 


2 


995033085316808,288 


4 


9999500033330,833 


8 


999999995, 


16 


10, 



'i I = '10536051565782630 f'5 I ='52680257828913150 t 

17 17 

'2 I = '2IO72IO3I3I565260 I '3 I ='3 1608 1 54697347890 t 

17 IT 

'4| = '42 144206263 1 30520 t'6 1 ='63216309394695780 t 

17 17 

'8 f = '84288412526261040 f '9 I ='94824464092043670 t 

17 IT 

1053605 1 565782630 



'7 t = '73752360960478410 I 

17 



■34 


DUAL Ji 


BIT 


HHE 


TIC. 


1 


1'. 

t 953"0I7980432486, 




1 


1-, 

n 

1 99950033308353, 


2 


1 1906203S960864972, 




2 


1 199900066616707, 


3 


1 28593053941297458, 




3 


1 299850099925060, 


4 


1 38124071921729944, 




4 


1 399800133233413, 


5 


1 47655089902162430, 




5 


1 499750166541767, 


6 


1 57186107882594916, 




6 


1 599700199850120. 


7 


1 66717125863027402, 




7 


( 699650233158473, 


8 


I 76248143843459888, 




8 


t 799600266466827. 


9 


1 85779161823892374, 




9 


1 899550299775180, 


I 


1" 995033085316808, 




. 


1 9999500033331, 


2 


1 1990066170633616, 




2 


1 19999000066662, 


3 


1 298509925595042s. 




3 


1 29998500099993, 


4 


1 3980132341267233, 




4 


J 39998000133323, 


5 


1 4975165426584041, 




5 


1 49997500166654, 


6 


1 597019851 1900850. 




6 


1 5999700019998s, 


7 


1 6965231597217658, 




7 


1 69996500233316, 


8 


1 7960264682534466, 




S 


1 79996000266647, 


9 


I 8955297767851275, 




9 


1 89995500299977, 
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1'. 

99999S000033, 
19999900CO067, 

3999985000100, 
3999980000133, 
4999975000167. 
5999970000200, 
6999965000233, 
7999960000367, 
8999955000300. 



1'. 

I 99999950060, 
I 199999900000, 
I 299999850000, 
i 3999998000Q0, 
i 499999750000, 
1 599999700000, 
I 699999650000, 
J 799999600000, 

i 899999550000, 





, 


, 


17 

1 9999999SOO. 


2 


1 i9M9999<»o. 


3 


1 29999998'500, 


4 


1 3999999S000, 


S 


1 49999997SOO, 


6 


1 5999999700°. 


7 


1 69999996500, 


8 


1 79999996000, 


9 


1 89999995500, 





I'l. 


r 


1 999999995. 


2 


1 1999999990. 


3 


1 299999998S. 


4 


1 3999999980. 


5 


1 4999999975. 


6 


1 5999999970, 


7 


1 6999999965, 


8 


1 7999999960, 


9 


1 8999999955. 
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■|_t or, 'It 






'I \ or, 'o'o'l I 


1 


'10536051565782630 t 






'1000S0033358353J 


'2io;2io3i3i56526o ] 






'200100066716706 1 


2 


'3i6o8i5469734;890^'| 






'300150100075059 f 


3 


'42144206263130520 t 






'400200133433412^^1 


4 


'52680257828913150 I 






'500250166791765 t 


S 


'63216309394695780^ t 


6 




'6003002001501 18 1 


6 


'737!236o96o4;84IO^.I 


7 




'700350233508471 t 


7 


■84288412526261040 I 


8 


'800400266866824 t 


8 


'94824464092043670^1 


9 : '900450300225177^^1 


9 


'I I or, 'o'l 1 






■' 


I or, 'o'o'o'l t 
10000SO0033336J 




■100503358S350144J 


'2010067170700288 1 

IT 








20001000066672 1 


2 


'3OI5IOO75605O432 t 








30001500100008 t 


3 


'4020134341400576 t 








40002000133344 t 


4 


'5025167926750720 1 








50002500166680 j 


5 


'603O2OI512IO0864 t 


6 






60003000200016 1 


6 


'7O352350974Si0o8^_t 


■7 






70003500233352 1 


7 


'8040268682801 152 1 


8 






80004000266688 J 


8 


'9045302268151296 t 


9 




'90004500300024 I 
11 


9 



DESCENDINQ DGVELOPHENTS. 



'l t or, 'O'O'O'O'I I 



■'J 



'ioocKX)5Cxxx333 I r 
'2000010000066 f 2 



'3000015000099 t 


3 


'4000020000132 t 


4 


'5000025000165 I 


5 


'6000030000192 1 


6 


'7000035000231 1 


7 


'8000040000264 I 


^ 


'900004500029; t 


9 







100000050000 t 


' 




200000100000 1 


2 




300000150000 1 


3 




400000200000 t 


4 




500000250000 I 


S 




600000300000 t 


6 




700000350000 I 


7 




S00000400000 t 


S 


■900000450000 I 






10000000500 1 
'20000001000 ] 
'30000001500 1 
'40000002000 ] 
'50000002500 1 
'60000003000 1 
'70000003500 ] 
'80000004000 1 
'90000004500 ' 



'I J 


. 


'lOOOOOOOOS J 


'2000000010 1 


2 


'3000000015 t 


3 


'4000000020 t 


4 


'5000000025 t 


5 


'6000000030 I 


6 


'700000003s t 


7 


'8000000040 t 


8 


'9000000045 t 


9 
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In moat cases, reduction by both branches of the art combined 
are f^ more easily effected than by the application of either 
branch employed alone, as the following examples will tend to 
show. 

I. Eeduce 2 to a dual nnmber and to & dual logarithm in the 
seventeenth position. 



•7\ 



2I|43S8S8 


r 


00 


0o!0O00 + = J 


ilsoos 2 


16 


70 


oo'oooo- 


4SO 5 


36 


SO 


1 o'oooo + 


7SO 


26 


60 


83 5000 — 


7 


SO 


25 


608350+ 




4 


50 


1536,50- 


1 I 


50,0512 + 


• I21I44- 


I99|;96j484|996|2l8[068 


Ii99l7 96l484l996l2'i8 ' 


1999962814 


8121 4286 


I39999 


35629624 




19999628 ' 


20000012 8 I 426843 5 38 


1200000281427 


200000018 14265621 1 I + 


80000032571 - 


120004, 



'7 \ 20000000 1J4265 4 I 540 + 

* 1I4D0000010 — 

4 + 



2ooooooooo'26s4 1534 



11,3.2,7.0,7-6,7. 
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*o'fdo'di'4o\fi'i'2'f 0*7*67 \ 8,0,1,0,2,0,0,0,0,0,0,0,0,0,0,0,0, = 2 






7035235 09745 1008, 76248143843459888,111 



100 000050000, 
40 000002000, 

— ^i>-^- _- ^. ..... . 



999Soo333o83S3/g5 
1999990000067,111 



^ki^B^^^k. 



703537 5810773775, 76350093866768308, 

703537581077377s, 



693I47I8055994533J 



17 



.-. 2:^169314718055994533. 

Since \ 8, may be set down without calculation, only six digits 
out of the seventeen require attention, namely, '7 f ; 'i j ; '4 f ; 

3 6 2 5 7 

'7 I ; I I, ; I 2, ; and two of these are units. 

9 

2. Eeduce 3, 9, and 10, to a dual number in the seventeenth 
position. 

f3 X S = 2 

17 17 17 

••• 1,(3) + !,(§) = 1,(2) 

17 17 17 

••• 1,(3) = 1,(2) -1,(1) 



'4 1 = -65 



61 

65 



61 



2 



662 
3 



661 

975 
9 



000 
966 

939 
13 



000 
000 

915 

253 

9 



000 
000 
000 
220 

9 3 9. 



000 
000 
000 
000 



31975 



00 
00 
00 
00 
00 

97 
66 



16, 



66664I69 I 9 1I78 163I89163 



I40 
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\t 



■2 1 

10 



66664 
I 



69191 

99994 
I 



78163189163 



07S75 
99994 



34492 

07575 
66647 



6666669 
2 



1878573 
6666676 

4 



397877 + 
751429- 

OOOOOI 4- 

3- 



6666666s 
I 



2 I 1900646446 



33333330 



4238 
6667 



666666665 

I 



452339573 
333333330 



SI 
90 
67 



66666666678567290508 

1I3333333336 

66666666665 233957 I 72 



• a • 



Contracted operations are 
avoided in these extended 
redactions; it may be re- 
marked however, that the 
remainder 143270949S mul- 
tipKecl by f will also gives 
the required result. Thus, 

1432709I49S 
3 

2)429812 8I485 

— — ^— ^-^^-^— — > « 

2,14,9,0,6,4, 



43270949s 
333333333 

99376162 
66666667 

3270949s 
26666667 

6042828 
6000000 



4 
4 



2828 
0000 



2I828 



6 

13, 



8 
[2, 



9 
i2, 



2, 



1, 



4, 



9. 



6 



6, 



4ooooo'4'o'o'2'o'o'o'o'o'o'o J o, 1,6,0,3,0,0,2,2 A2, 1,4,9.0,64, = f 
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995033 085316808, 



42144206 263 I 30520, 
40 000002000, 



599700 i998soi2o,>'^ 
2999 985 000 100, 
I 999999990,^ 



42144246 263 I 32520, 

IS97735 4723 16082, ~ ~Q 

:>v//:>3^/ :> ^ i 5 9773 5 47^3 i 6082, 

405465 10 8 108 I 6438, 



'405465 10810816438 = (§)'! 

17 



17 
1.(2) = 



17 

1,(3) 



17 

i,(9) 



69314718055994531, 17 

405465 1 08 1 08 1 643 8, = j, (f) 

109861228866810969, 

2 

219722457733621938, 
105 3605 1 565782630, = 'i I 

17 



17 

\ , (10) = 230258509299404568, 



3. Find the hyperbolic logarithm, the common logarithm, and 
the dual logarithm in the seventeenth position of 

TT = 314159265358979323846 



3141 59265358979323846 

3 

I I 

9-42477796076937972 



'6f= 941 

2 



480 
941 



149 
480 



401 000 
I49I4OI 



000 
000 



3 



94242I1 6295(5040 i|ooo 



142 
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'4t 

7 



'3 I 

9 



'4t 

10 



94242 
4 



16 
71 



295 
210 

9 



50401 

81477 
4242 I 

9 



000 
520 
630 

424 



94246 



SIS 



74309 



87 
9424687515 



574 
743 



942 47 8 I 
3 



76 2 6 I 8 2 
7699 I 27 

S 



5317 + 
0505- 

6549 + 



942 47 7 7 99 

2 



27061 I 361 + 

827433398- 

3 + 



9424777964 

3 



43177966 
76991 119 



94247779606I6 1 86847 
• • • t 



107s 1 125 

9424778 


I 

< 


326347 
542478 


2 


183869 
176991 




6 
6 


878 
597 



271 

181 



5 

is, 



5 



11 

1 h 

12 

i h 

13 

i4, 

15 

17. 

16 
i2, 



17 



1 8, 



'o'6'o*o'o*o'4'i'o*3'4'o'oVo*oVo J 0,0, i a6,| o,oao A i , i >4A7>2,8, 
30201 5 12 100864 99 950033308353 

2000 5 999970000200 



603024 I 85 2 102864, 
10595000444928 I, 

'5924291847653583 I 

17 



los 9500044.49281, 
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X43 



lO' _ I* __ 3* 
y "" "3 "" '9 

I (3) = 109861 2288668 10969, 
10536051565782630, 

120397280432593599, 
5924291847653583, 

l,(7r) = I14472988584940016, 



1 



A result true to the last figure. 

.-. Hyp. log TT = ri4472988s849400i7- true to seventeen 
places of figures. 



1- 2302S8so9299404568,=l,(io) 

« 

2- 46o5i70i85988o9i36,=|,(io)' 

3- 69077SS278982i3704,=l,(io)» 

4- 92i034037i976i8272,=|,(ioy 
5-1151292546497022840,= &c. 
6-1381 55 1055796427408, 

7- 161 180956509583 1976, 



8^ 



1842068074395236544, 



)^ 2072326583694641 1 12, 



The common log of tt = 
•49714987269413385 
hich is true to the last figure. 



1 144729885 849400 17, C4971498726941338 
92103403719761827 

22369584865 178190 
2072326583694641 I 

16463 1902823 1779 
161 1809565095832 

34509463135947 
23025850929940 

I 14836 I 2206007 
92 I 034037 I 976 

227327 1 83403 1 
207232658369s 

200945250336 
I 84206807440 

16738442896 
161 1809565 1 

620347245 
460517019 



159830226 



X 



144 
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I S9830226 

138155105 

2167512I 
20723266 

951855 
921034 

30821 
23026 

7795 
6908 



SS7 
691 

196 

184 

12 



4. Required the dual and common logarithm 

7* X 2 = 98 



98 



00 



00 



9698 



99969800 
9990 
2 



0000 
9400 
9990 



0000 
0000 
9400 
9996 



00 
00 
00 
98 



999997 
I 



939391 
999995 



939698 
878784 
999998 



99999993 

5 



9388818480 

9999996363 

1500 



999999999388816343 



6,1,1,1,8,3,6,57, 



of 7. 



2 

\2, 



i3> 



6 

12. 



8 

16. 
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J 0,2,0,3 A2,oAo,6, 1,1, 1 ,8,3,6,6, 

J 

I99OO66170633616 

•29998500099993 

199999900000 

5999999970 

20202707317s 1945' 
I (2) = 693i47i8o55994533> 

71334988787746478, 
J,(io)' = 46o5 17018598809136, 

2) 38 91820298 I 1062658, 

r = \ 1945 9 I o 1 49055 31329, = Dual log I 
184.206807439523654 

10384207466007675 
92IO34O37I976183 

I 17386709403 1492 
II5I292546497O23 

22574547534469 Quotient 

20723265836946( -84509804001425683 

TVTr;^/^^ ToTTToT^TTTTI the common log of 7, 

Divisor. 1851281697523 troe to the last fimi4 

5230258509299404568) 1842068074395 true to tne last ngure. 

92 13623 128 
9210340372 

3282756 
2302585 

9801 7 I 
921034 

59137 
46052 

13085 
"513 

1572 
1382 

190 

184 



146 
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The dual logarithms of 2 ; 3 ; 4 ; S ; 6 ; 7 ; 8 ; 9 ; 10 ; in 
the seventeenth position may now be arranged in order for future 
reference ; these numbers are easily verified should any mistake 
be made by the printer; besides, the system may be almost 
instantly adapted to dual numbers of any number of digits less 
than seventeen. 



, (2)= 693i47'i8o5S994S33» 

, (3) = 109861 2288668 10969, 

, (4) = 1386294361 1 1989066, 

, (5) = 16094379124341003s, 

, (6) = 17917594692280SS02, 

, (7)= 194591014905531329^ 

, (8) = 207944154167983599, 

, (9) = 219722457733621938, 

, (10) = 230258509299404568, 



Examples, 

Ex. 5. The common logarithm of a number is 2-5637851810, 
find the correspdnding number by a direct process. 

To attempt to solve a question like this before dual arithmetic 
was invented would be perfectly absurd. 



2*5637851810 common logarithm. 
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2302585092,99 460517OI860, 2- 

* 11512925465, '5 
1381551056, 6 

69077553, 3 
161 18096, 7 

1842068, 8 

115129, 5 

2303, I 

1842, 8 

23, I 



10 



1 59033335395, 

The dual log of the required number in the tenth 
position is 

10 

i 59033335395, 



10 

I 59033335395, 
|, (10)'* = 4605 1701 860, 



12981633 5 3 5 
1,(3) = 10986122 8 87 

10 1995510648 
1 1906203596, = 1 2, 

89307052 2 
99503308, = ! I, 



— 10196256 

'I t + 10005003, 
3 

- 191 25 3 
'2 I + 200001, 

6 

8,7,4,8, 
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'o'o'i'o'2'o'o'o'o'of 300 12,1,0,0,0,0,8,74,8, = the dual number 
corresponding to the common log 2*5637851810. 



'It 

3 



12 



10 
I 2 



o 
I 



122 



210 
I 22 



000 
210 



00 + = 1 2,1, 
00 - 



12208 



77900 
24417 



+ 
6- 
I 



122085 34825 
• • • t 

9766 



855 = 

49 = 
10 = 



7 
18 

8 

[7 

9 

\4 

10 

18 



1-2208545505 

300 



3 6 6*2 5 6 365 1500 the required number. 

It may be remarked that 36^*25636515 sideral days s 
365*25636515 mean solar days. 



Dual numbers like the above, having but a single digit in each 
position, may be exhibited in a more compact form, as ascending 
digits are sufficiently distinguished &om descending by the pre- 
fixed and affixed commas. The above may be expressed in the 
form 

300 t2,i,'i'o*2'o 8,74,8,; 

3(io)'l2,i,'i'oVo8,74,8,; 

or, (3) 2j2,i,'iV2'o8,74,8,. 
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In the following tabulated form the consecutive bases 
ri ; I'oi ; 1*001 ; &c. are represented by dnal numbers, none 
of whose digits exceeds 5> or '^s except the first of each number 
which is designed to be 10, . 



O y^ jO J3 fn O xn ^ O to 

(S (S ^^ O CTcf^OO roi-T 

O O 0>^0 roOw^M*^ 

6 cS 6 :^ 6^ p 6^ nT j-i (S 

(S (S O^ <S xn O tn tTi tTk tr% 

(S cs (S ^ o ^^ o cr*^w 

(S <S 6 ^ (S ^ O rri f^ rt 

o" o" d o* cf o" '^ o c^ f^ 

1-4 -. ^^ * 

tfocTcTcrcrcrinro^i 

d o"' (S d cS 6 (S Tt fn ^ 

_*^ .^ .^ ^^ as as as -V 

oooooood*^*-' 

.•^ _?» —^ .*0 — ?* —^ a» a\ as 

OOOOoOGOTf^ 

d d o"^ d d o" o*^ d d^ ^^ 

OOOOoOOOOTt 

d d d d^ d d^ o'' d o'' o'^ 



o d o"^ d^ d o" d o"^ o*^ d 
11 ii ii II II II II II II li 



o 



II II II II II II II II 



8 



O 
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The ease with which the reciprocal of a dual number is found 
when the number itself is given, wiU plainly appear by inspecting 
the subjoined equations ; this property is of importance in many 
inquiries. 

If X = \i, then - = {'i 1,0,1,0,0,0,1, 

X 

a;" = i 2, ^ "^ t '^ 2,0,2,0,0,0,2, 

a;' = i 3. i = I '3 3A3AO,o,3, 

JO 

&c. &c. 

If y =lo,i, then — = |'o'i 0,1,0,0,0,1, 

•7 

y = J 0,2, T = J 'o'2'o 2,0,0,0,2, 

/ = 1 0,3. 4 = 1 'o'3'o 3,0,0,0,3, 

&c &c. 



If 21=1 0,0,1, then -= J'o'o'i'o'o 1,0,0, 

Z" = j 0,0,2, 1 = } *0'0'2'0'0 2,0,0, 

z 

«' = 1 0,0,3, \ = t 'o'o'3'o'o 3,0,0, 

Z 

&C. &C. 



»ain, 








If 


p='i\ 


then 


= i 1,1,0,1,0,0,0,1, 




/ = '2l 




-jj = 1 2,2,0,2,0,0,0^2, 




P' = '3l 




8 = 1 3>3A3AO,o,3, 




&c. 




&c. 
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If q= 'o'lf then - = io,i,o,iAOAii 

2' = '0'2 I ~ = i 0,2,0,2,0,0,0,2, 

?" = 'o'2 1 4 = i 0,3 A3AO,o,3, 

&c. &c. 



If r = 'o'o'i f then — = 1 0,0, 1,0,0, 1,0,0, 

r' = 'o'o'2 f ^ = 1 0,0,2,0,0,2,0,0, 

r» = Vo'3 f ~ = i 0,0,3,0,0,3,0,0, 

&c. &c. 

The reciprocal of 

1 3,2,5,7,4,9>8,3» is t '3'o3,SASA2, 
since i, 3,2,5,7,4,9»8,3, = 3ii57853, 

and '31 157853 = t'3'o3,5A5A2, 
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CHAPTER V. 

SOLUTIONS OF IMPORTANT PROBLEMS, DESIGNED AS MODELS 
AND EXAMPLES OP CONCISE METHODS OF OPERATING, AND 
SUCCINCT PROCESSES OF INVESTIGATING. 

The recapitulations and short methods of obtaining results 
instituted in this chapter are required, because previously our 
objects were more to establish principles by the simplest means, 
to show the accuracy that might be arrived at, even by clumsy 
and proscribed operations, and to draw out particular features of 
Dual Arithmetic in bold relief; rather than to enter upon the 
generalization of the science, or the facilitation of the art by the 
introduction of compendious methods of calculation. 

RECAPITULATION OF THE GENERAL NOTATION. 

Let N = UxV = UV, * 

that is, let the natural number IT be equal to the product of the 
two natural numbers U and V. 

Then UN) = 1, (U) + i, (V), (i), 

that is, the dual logarithm of K is equal to the dual logarithm of 
U plus the dual logarithm of V. Observe that the comma (J,) 
is at the barb of the arrow in (i). 

If U = ^\r^ U^yU^,U^U^U^,U^U,,U^ 

= m|n 0,0,0,0,0,0,0>^> 

= u, + ml{iQ) + nl{2) 
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m and n represent powers of lo and 2 ; the comma placed at the 
barb of the arrow indicates that the dual logarithm of the 
expression is taken, that is, the dual logarithm of 

written, '^l'*^i>^a,^8» • • • 

is expressed by placing a comma at the barb of the arrow as 
in (2) .., is the dual logarithm of i u,,u,,u,. .... and is written 

lu^,u^,u^, ^u, (3). 

8 

\u^,u^u^u^u^yU^Uj,u^ being equal to { o,o,o,OAOA^i or \u,; 
and might be written, v,^,u^u^n^,u^yU^iij,n^ \ or Uf\ when the 
reduction is being reversed. 

N = YmlnU^yU^fU^ .... 

Then i, (N) = j, (V) + ml,n u, 

.-. i,(N) = i,00 + mi,(io)+ni,(2)+t^; (4). 

The dual logarithm of N is equal to the dual logarithm of V 
plus m times the dual logarithm of lO ; plus n times the dual 
logarithm of 2, plus u, the dual logarithm of the dual number 

[iC^yU^U^ (4). 

Let V = V^a'^8 ^4^ W'^8 1 ^^^ ^^y ^® written | 'v^v^v^'v^v^\VjV^ 
= *o*o'dQ)0'do'v I and may be written | 'o'oVo'o'o'o't; 
=i*v \ = 'v\ the eight being omitted in all cases. The 

8 

digits may be on the right or left of | when not connected with 
independent ascending dual numbers. 

Then 

l,(V) = V»3....'t = 'i; or '!'!;»,. ... = 't;; (5). 
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In (5) the comma is at the barb of the arrow, and desig- 
nates that the dual logarithm of the descending dual namber 
\'v^v^ ... I is equal to 'v; and (5) also indicates that the dual 
logarithm of V is equal to 'v which is negative if u, be con- 
sidered positive, and on the contrary 'v is positive when u, is 
taken as negative. 

Since N = VU 

II 

'0'0'0'0'0'0*0'«? mjn O, ,0,0,0,0,0,0,^, 

These latter expressions are also put under a logarithmic form 
by simply placing a comma at the barb of the arrow. 

Thus MN) = MVU) = 1,(V) + 1,(U). 

II 

II 

i/i 1,(10) + nl{2) -f {u-v), 

or, 
m \, (10) +n\, (2) + \v - u). 

Dual numbers composed of ascending and descending dual 
digits having but one digit in each position, may be placed to 
the right or left of {, because ascending digits are sufficiently 
distinguished from descending by the accompanying commas, 
and the digits of both branches are ranged in order from left to 
right. 

may be written m{» 'ii^y''o^u^''V^u^u^u^f*v^ ; 

may be written 
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if the leading digit be an ascending one, { is in most cases 
placed on the left, but when the leading digit is a descending 
one, then J is generally put on the right of the compound dual 
number. 

'o\o'vX\%\ I (io)«(2)» 1 n^'o,u„o,o,o,o,o, 

4 

The dual logarithm of 

'o*i?;o*oVi?;<i?8 1 ^i>o>^v^v 

is thus indicated 

The dual logarithm of 

'v\ I X (R) X \o,o,u^,u^,u^u^u,,u^, 
may be put in the form 

or written 

As the ordinal arrangements of both ascending and descending 
digits are from the left to right, the sign j | or J may be placed 
to the right or left of ascending, descending, or mixed dual 
numbers when all the positions are occupied without giving the 
expression an ambiguous meaning. Yet this change of sign 
(I I J) from left to right, or vice versd, may be employed to 
designate the reduction of a natural number to a dual number, 
and the converse operation. 

Let N be a natural number reduced to a dual number 

then N" = m|n u^^u^^u^ 

and let '^i'^^i>^2>'^a> 

be reduced to the natural number N, then 
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Again, if 



8 



If P = J u^,Wn^fU^\W 

then ^,»'<^8^4'^^6'*^6'V^8 1 = I* 5 

if Q = \w2,o;'y,tt5,XoA njni 

also ni\u ,v^ u^, o,\ u^'v^op, = Q. 

i, (N) = ml,u U^,U^,U^ =1^, 

then u, \ = m|» u^yU^yU^ = N 

or \u,=\ u^yU^u^ = N, 

hence the law is manifest. 

Since N = 'v «{» u, 

N 






,mou= ^'l^^' 



according as i; is greater or less than iu See pp. viii. ix. 
2, 3i4, II. 



Problems. 

Ex, I. Suppose tlie dual logarithms of lo* and 2* to be forgotten^ 
it is. required to reproduce them by an easg direct operation. 

Put X =: 2 and lO = g 

— = - = -8 = '2'i'2'3yi'iy t ; which put := a. 

— 3 = -^ = 1-024 = 'o*o'o'i'8*2'i'3 Io,2,4,OAO,OA ; which put = J. 
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Then — = a .*. v = — 



X* 


...» 


a 






y 










a*" 

s 




b 






/ 




a? 




a;'" 


• 
• 


• 


a' 


•— 


b 



X 



. _ a''" 



•■• y =T 



or -5 = « 
a 



.-. l{x)^ lib) - 3l>(«) = U2) 
and i,(y)=3l,(a?)- U«) = Mio) 



1,(6) = 2371653, 
1, (a) = '22314355 then minus 3 1, (a) = 66943065, 



1(2) =69314718, 



3l,(a;) = 207944i54» 
minus \, (a) = 22314355, 



230258509, = i, (10). 



Ex 2. ie< t< Je required to find the dual hgcmthms of the 
hoses I'l ; I'OI ; I'OOi ; and '9 ; 99; '999; hy simple^ direct^ 
and independent operations. 

In the first example a few additions and subtractions will 

2 

show that -8 = '2'i'2'3y I'l'; f and 1024 = 'i'8'2'i'3 \ 24, but 

4 

the reduction of these and other dual numbers to dual logarithms 
requires the application of the Bules pp. 15 to 22. 
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For example, 

'2'i'2'3>'i'i'7 1 'o'o'o'i'8'2^i'3 1 0,2,4,0,0,0,0,0, 

1005 10 00 I 020 

See Rule, 72 i 04 



page 19. 3 4 



'223 I43S5 



2389800 
66 

SeeEules, 2389866 

pages 15, 19. I 82 I 3 



2371653, 



The Bules by which these simple reductions are made, depend 
upon the dual logarithms required in the present question. 

Because (Introduction, xii.), 

•9i 1,1,0,1,0,0,0,1, = I. 

•99|o,iAiAOAi, = I 
•999 \ 0,0,1,0,0,1,0,0, = I. 

.•• I (-9) + 1, 1,1,0,1,0,0,0,1, = o. 
I- ('99) + i, 0,1,0,1,0,0,0,1, = o. 
I, (-999) + j, 0,0,1,0,0,1,0,0, - o. 

Since the dual log of 1=0. 

Again, a few simple additions and subtractions will establish 
the following equations. 

ri = 1 1,0,0,0,0,0,0,0, 

II 

*0'oV2'0*l'l'2 t 0,10,0,0,1,0,0,0, 

roi = 1 0,1,0,0,0,0,0,0, 

II 

'o*o'o*oV5'o'o 1 0,0,10,0,0,0,3,3, 

TOO I = I 0,0, 1 ,0,0,0,0,0, 

II 

c>o'o*ddd4*s {0,0,0,10,0,0,0,0, 
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In the first place we have to find the dual logarithm of 

( I -ooo I )"* = i, 0,0,0, 1 0,0,0,0,0, 

i, (roooi)** = 10 1, (roooi) 

For ten consecutive digits 

roooi = [0,0,0,1,0,0,0,0,0,0, 
I 
*o*o*o*do'c>do'4*s J 0,0,0,0,10,0,0,0,0,0, 

45 



99995S, 

'. To eight digits j, (roooi) = 9999,55 or loooo, 
•. 1, (roooiy® = 10 1, (roooi) = 99995, nearly. 

.-. |, (rooi) == 1, 0,0,1,0,0,0,0,0, 
II 
'ddo'do'o'4's t, 0,0,0,10,0,0,0,0, 

99995 - 45 = 99950, (A). 



Then it is evident that 

I (looi) = i, 0,0,1,0,0,0,0,0 = 99950, 
.-. 1, (rooiy* = 10 i, (rooi) = 1, 0,0,10,0,0,0,0,0, = 999500, 

. •. 1, (i 01) = I o, 1 ,0,0,0,0,0,0, 
II 
'dddd4's'do I o,o,io,o,oa3»3» 

999500, 

33> 
'4500 



995033. (S)- 
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1»C999) + 1,0,0,1,0,0,1,0,0, = O, 
but j, 0,0, 1,0,0, 1,0,0, = 99950, + 100, = 100050, from (A). 
•*• 1» C999) = — 100050, written '100050 

And because 

'ddi'do'do'o '1 = i, (999) = '100050 (C). 
. • . 'o'o'4'o'o'o'o'o 'f = '400200 



i, (-99) -+ i, 0,1,0,1,0,0,0,1, = o 
but from 

(B) 1,0,1,0,1,0,0,0,1, = 995033, + loooi, = 1005034, 

1» ('99) = "~ 1005034, written 'icx)5034 (D). 

.-. 'o'i'o'o'o'o'o'o 'f =^ 1, (99) = '1005034 



I, (ri) = 1, 1,0,0,0,0,0,0,0, 

II 

0'0'4'2'0'l'l'2 {,0,10,0,0,1,0,0,0 

II 

1, 0,10, = 9950330, (B) X 10. 

1000, 



9951330, 
'00'4'f = '400200 (C) X 4. 



955 1 130, 
'201 12 



9531018, (E). 
.-. 1, (i-i) = 1, 1,0,0,0,0,0,0,0, = 9531018, 
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1>(*9) + |. 1,1,0,1,0,0,0,1, = o. 

But from (B) and (E) 

1, 1,1,0,1,0,0,0,1 = 9531018, + 995033, + lOOOI, 

•'• 1> (*9) = "" 10536052, written '10536052 
.-. 'i'tfo'o'tfo*tfo't = l» ('9) = '10536052 (F). 

Ex. 3. Let it be required to reduce by the shortest processes, and 
hast possible amount of calculation, the seven natural constant 
numbers (a), (fe), (c), {d), (e), (/), (^), to the most simple dual 
numbers^ and to dual logarithms best adopted to logarithmic com- 
putation. 



0° 



1359593 (a), density of mercury at the temperature of 
centigrade, according to Kegnault 

17329625 (J), cubic inches of water in an ounce avoirdupois, 
at the temperature of 62® Fahrenheit. 

20853654 (c), feet, the semi-axis minor of the earth, according 
to Bessel. 

34377468 (rf), length of the radius in minutes. 

3937079 (e), inches in a metre. 

61*09908 (/), cubic inches in a litre. 

9808795 2 {g)y metres, the accelerating force of gravity. 

In reducing natmral number^ to dual numbers of the simplest 
form by the shortest and easiest methods of calculation, any 
natural numbers, as (a), (6), (c), (d), (e), (/), (g), that may be 
selected, must occupy one or other of the positions between the 
limiting natural numbers I., II., III., &c., and reduced in a 
similar manner to (a), (b), (c) . . . . See " The Young Dual 
Arithmetician," pp. 83 to 98, and the present work, pp. 7 to 12. 
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I. 


lOOOOOOOO 






(«) 


= 13-59593 


II. 


I4I421356 






(6) 

2 


= 8664812 


III. 


20CXXXXXX) 






2 


=» 1042682^ 


IV. 


266ooo(xx) 


1 
1 



.*. a= il 3»2,i,3»5.4»7>i» 



2 
c = '3V1 7{l 4,2, 

6 



(e?) X 4 = 13750-9872 .-. d='2'sW5'o 4t^ 3,3»3» 

4 



V. 34Scx>CKDOO 



(e) X 2 = 7874158 •• « = '2'3'o'i*2's'fS ifr 2 



r" 



VI. SCXXXXXXXD 



(/) X 2 = I2219816 .-. / = 'I 2tT 2,1,0,0,0,3,1,1 

4 



VII. 707106780 



(g) = 9-8087952 .-. ff = '2 itV,9.S,o,8, 

2 



■ I 



VIIT. 999999999 
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Dual logarithms best adopted to logarithmic computation. 
Ui'359593) = 30718541, ; 1, (17329625) = 54983241, ; 

I, (2-0853654) = 73494409, ; i, C34377468) = '10675 1434 ; 

1,(7874158) ='23899883; 1, (-6109908) ='49267338; 

I, (98087952) = '1930560. 

See Article II. pp. 12 to 14, respecting the general tables 
where these logarithms may be found by inspection. 

Ex. 4. Reduce such unwieldy dual numbers as (A), (B), (C), to 
the most convenient forms for reduction to natural numbers. Also 
find the dual logarithms which determine the corresponding 
natural numbers throfugh merely inspecting the general tables. 

(A). ^ysy6y2'U\ X ^-$ written '8^5y6V2'3'4 ^!« 

(B)- j^« X i ;.8,94.S.6.3.4» written tJi 7,8,94,5,6,3,4. 

(C). '3'7'7'6'5'S'4'3 f 2' 10* 1 9,3.7,8,4,6,6,7, 

written 

'3'7'7'6'S'5'4'3 *J« 9.3,7.8,4,6,6,7, 

Seduction of (A). 
•8'5'7'6'9'2'3'4't = '90083170 = '20768452 - \,(2) 

8 

.-. 'S'sy'&g'2'3'4. ir|2 = '2 t|2 3,0,3,8,0,2, = 5-07789524 

To find the most convenient log to enter the tables with. 

'90083170 - 3 i, (2) + 2 l,(io) = 162489695, 

and 

162489695, - I (id) = '67768814 = i, (50778952) 

found through mere inspection. 
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Reduction of (B). 

1,7.8,94,5^34, = 6307856, + i,(2) 
.-. t1,i 7,8,9,4,5,6,3,4, = ^1,« 0,6,3,3,7,8,0,8, = -000426044192 

Entering the table with '8532 12 17 the corresponding natural 
number will be found = '426044192. 

'853212x7 \ii = t|2 0,6,3,3,7,8,0,8, 
Redtiction of (C). 



'3'/7'ff5'5'4'3 4t2 9,3,7,84,6,6,7, 

= '2'0'l'ddo'do aJs 0,2,0,0,6,6,6,1, = 6604077616 

The tables must be entered with the dual log '4x489782 to 
which corresponds the natural number '66040776x6; for 

'3'/7'6'S'S'4'3 t>2 9,3,7,8,4,6,6,7, = '41489782 
= S0139291, + 2 j, (2) - 1, (xo) 

and the decimal point has to be moved five places to the right, 
which brings •6604077616 to 66040*776x5. 

Useful Practical Criteria. 

l|^ K a student has sufficient skill to solve the preceding 
four examples without the use of tables or other extraneous aids, 
it may be fairly presumed that he understands the elements of 
dual arithmetic. 

Ex. 5. Find a convenient dual number to represent —^, when 
g = 32x8x6762. 

1,(5') = 347139724, 
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f of 347139724, = 247956946, the reciprocal of which is 
'247956946 =*I7698437 — i, (10), which may readily be put 
under the simple dual form 

VoVi'f 2'3'3 it o'3'4' 



Ex. 6. Reduce 
dual number. 



V(2S3'6-92i72)* + (635-297388) 



^^ to a simple 



Put a = 2536*92172 and h = 635297388 ; 

then the expression becomes 

I 

" ""' 1v' 



therefore 



I. 



['■y'-& 






= I (06271045) = '46664207 — |, (10) 
.-. j, I + Lj = 1,(1-06271045) = 6082268, 



= '304ii34 + '93095i45 -31,(10) 



'3'o'2'o'o'o'o'o t\t 0,5,0,1,1,5,2,9, = '96136279 - 3 l,(io) 



But 



I, (^-38237143) = '96136279 



2 



Hence '3'o'2 ^{t 5,0,1,1,5,2,9, is the simple dual number and 
00038237143 is the natural number of this reciprocal. (21), p. 23. 
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JSt. 7. Find the reciprocals of the dualnumhere '3'o*o'o'o*ob'o i ; 
1 o,s,o,4>3,2,i,7, ; ard 'z'di'ddddo \ 0,5,04,3,2,1,5 . 

The eaae with which the reciprocals of dual numbers may be 
found greatly facilitates the work of calculating the roots of 
equations. 

3'0'0'0'o'o'ob '1 = '-31608156; 
reciprocal 
31608156, = 1, 3,0,0,3,0,0,0,3, 

1,0,5,0,4,3,2,1,7, = 5018382, ; 
reciprocal 

'5018382 = '5 1*6,7,8,6, 

2 

'3'o'i'o'o'o'o'o j, 0,5,0,4,3,2,1,5, 

II 
'26689836 

reciprocal 

26689836, 

II 

'2'5'6'o'o'o'o'o 1 0,0,0,0,7,7,3,8, 

See Rules, pp. 15 to 22. 

Ex. 8. Find the roots of the quadratic equation a?'^ax'\'b^0t 
and give the results when a = 2io8* and b = 3844. 



Divide by X, then, 



^6 
ic — a + - = o 

X 

b 

,\ X + - == a 

X 
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y Vi being substituted for x this last equation becomes 

/I * 

yVA + — 77 = a 

.'. V + - = -7= , which call A. 

When -p is numericallj less than either + 2 or — 2 the 

roots are imaginary, since every number, whole or fractional, 
positive or negative, added to its reciprocal, gives results which 
cannot be numerically less than + 2* or ~ 2. 

In all such cases y may be put = V . . | -^r the reciprocal of 

which is — I v, . . . because -tt must always be greater, and, at 
a \io 

the same time^ nearly equal to y. Besides, this substitution 

does not require the application of other particular tests or 

criteria. 

Then putting ^ = -77 and « = — , and supposing r to be 

taken greater or less than -^ to facilitate the calculation, *v and 
v, vary in accordance, but may be found as follows : — 

'v . . f r 4- 5 i t?, . . = A 
.*. r{i\[v) -^ 8{i\[v) — A 
.'. ^r[v + ^«[?^ = A — (r + 5) 

In order to find a convenient value and position for v, this last 
expression may be put under the form 

— rv + sv = A —(r + s) 

A — (r -f- «) 



V — 



-(r-8) ' 



and may be positive or negative when the process is continued. 

A A 
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Jh = ^3844- = 62- ; -^ = ?^ = 34- (A), 

.*. r = 34* and «, reciprocal of r, = — = •02941x765 

A — (r + «) — (-02041 . . . .) . , , , , ♦ 

V = / / = —rr^ — ^-^ — 5 — ^—T gives 0009 t ; 

- (r - «) - (+ 33*97058 ) ^ ^ " 

then we have \ o,o,o,9AO,oi9 reciprocal of '0*0*0*9 J. 



Again, 'o*o'o'9 1 34 + :^ 1 oao,9,o,o,o,9» 

w, 33*96941224 + 02943825 = 3399885049; (^ + «)• 

A — (r + «) + -001 149s I . , o 

•'. — 7-^^ — h- = -^^ -^^^^ — gives 10,0,0,3,3,8,7, 

« (r - «) - 33.93997399 ^ ♦ ' ' ''^''^* "^' 

then we have 'o'o*o*o'3*3'8'7 | reciprocal of \ o,OAO,3,3,8,7, 

.-. y = 34 multiplied by 'o'o'o*9'o'o'o'o 1 0,0,0,0,3,3,8,7, 

6 

.-. 34 X 62 = 2108 mult, by '9 \ 3,3,8,7, = 2089-17446 

Hence quadratic equations may be solved with great ease and 
certainty, without completing the square. 

X also = 2108' ■- 208917446 = 18*92554 



Ex, 9. Find the roots of the equation a?* — aaj + i = o and 
apply the general reasoning to the particular case, 

a? - 1866-587140; + 649-539 = o 



l[f^ = \M-hHi). 



Since ytjh is put = x 
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I, (a); 1,(1-86658714) = 6241 1 173, 

-ilW; -"ilC649S39) « 21574620, 

83985793, = 1,(2-31603784) 
.-. y + ^ = 231603784 «;^; (A). 

Hence the equation has two real roots since (A) is greater 
than 2* 

Put r « 2* then reciprocal « = *5 ; 

A — (r + s) — -184 . . . 
«(r-5) --15 

which designates that 'i | is a convenient value for 'v^ ; then we 
have \ 1,1,0,1,0,0,0,1, the reciprocal of 'i J. 

Again, 'i } 2 + 5 j 1,1,0,1,0,0,0,1, 

or, r8oo + -555 . . . = 2-355 . . ; (r + s). 

. A - (r + g) _ - C039 '") 
-(r-«) -(1-24...) 

which designates that '0*3 f is a convenient value for \ ; then 

we have 

i 1 ,4,04,0,0,0, 1 , reciprocal of ' i '3 |. 

Then, 'i'3 1 2 + '5 1 14,04,0,0,0,1, 

or, 1-74653820 + -57256118 = 2-31909 . . . ; (r + «). 

A — (r + g) _ — (00306 . . . ) 
-(r^8) ""-(1-1739...) 

which shows that 'ob'2 f is a convenient value for \ ; then as 
in the foregoing, 

1 0,0,2,0,0,2,0,0, is the reciprocal of 'o'o'2 f. 
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Lastly, 
'o'o'2 1 174653820 + -572561 18 \ 0,0,2,0,0,2,0,0, 

or, 

174304688 + -57370800 = 2-31675488 ; (r + «). 

A- (r + s) (-00071704) . , , , ,/r, ,^,^, ♦ 

.-. y^ >r =" T^—^-^—io^ gives '0006'132'it 

-(r-5) (1. 16933888) ^ -^ ' 

.-. y = 'i'3'2'ffi'3'2'i|2- and i,(y) = SSS02113, 
But, 

I (^) = I (y) + i I (*) = SSS02113, + '21574620 = 33927493. 

33927493* = 1» (1-40392925); 

.-. aj= 1403-92925 
or, a = 1866*58714 - 1403-92925 = 46265789. 

The value of this new method of finding the roots of quad- 
ratic equations becomes very apparent when the coefficients are 
large, as in the present example ; and when closer limits are 
taken, the work will be much curtailed. 

For instance, if a number a little less than -ry — — be 

substituted for y in y + - the result approaches -^ . In the 

foregoing solution, if 2-31 — — — = 1-8 was put = r, 

2*31 

then the value of y would be found under the simple form 
V3Vffi'3'S'4 1(1-8). 

The reason is obvious, since the reciprocal of -tt — — is 

^ a/o a 

-^ = -^- and (^^^)+^^ is nearlv - — 



a a 

a a 



but evidently greater than it. Hence V | (-^ — — ] is con- 
veniently put for y. 
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JSx. 10. Find the roots of the equation ai* + oa? — 6 = O, 
and apply the general jbrmuloB to the particular equation 
«*+ Sa? — 81 =0. 

When the signs of the roots are changed, the equation becomes 

af — ax — b^^Oy 

therefore 

h 
X =s + a. 

X 

Patting ys/h for x^ as in the last example, the equation 
becomes 

If y be supposed of the fonn r\u, , , then we have 

r 1 2^, . . — 't^ . . I « = A, 
.-. r{i\[u) -s(i|[i^) = A, 
.'. -^^[14 — -f i[i^ = A — (r — 8). 

In order to find a convenient value and positive for u the last 
equation may be written 

+ rt^ + s^ = A — (r — «) 

A — (r — s) 

.*. 7^ = ^^ 

r + 8 



/h n 

When A is less than i, jr approaches the value of 

r, but when A is greater than i, then -yv H approaches the 

value of r. In the present case, -71 == ? 8, proper fraction and 
1*3 may be put for r as ^ - - = 1800 — -555 = 1*245 
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« = -L = .76923077 

. ^^ A--(r-s) ^ '0247863 ^.Q^^ 
r + « 2*06923077 ♦ ' ' ' 

i,o,i,2, » 1194933, reciprocal 'ii94933 = 'o'i'2 10,0,0,1,0,2,0,1, 

1-3 \ 0,1,2, + (76923077)'o'i'2 1 0,0,0,1,0,2,0,1, 
or r3iS6i73i ~ 76009374 = -$5553357 

A — (r — 5) -00002198 , ^ 

.. 1 / = — — z_ — I 0,0,0,0,1,0,5,6, 

r + « 2-07572105 * ' > * > > o, , 

.-. y = 13 1 0,1,2,0,1,0,5,6, = 1-31564121 
.-. X = 9(131564121) =: 11-84077085 

Ex. II. Find the natural sine and log sine of id" by an 
independent calculation from knomng the natural sine of 30"" 
to be equal ^. 

It is well known that if a; be the sine of an arc z to radius i, 
when m is odd, then, the sine of mz will be 

^^^m(m'-l)^ m(m'-i)K.~ 9)^ 
23 2-3-4-5 

m{m' - I) (m* - 9) (m' - 25) ^, ^^ 

In the present example m = 3, then m = 3, 2; = an arc of 
lo"" to radius i, and x ^ the sine of z, 

^ 1 1^, will be a convenient dual form for the value of a?, since 
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X is a fraction, of may be neglected, then ^- = 75, or a: = r. 
Hence the given equation may be put under the dual form 

(l)*l2«. + '«f(D = 73; (A) 

and the value of « may be found to any required degree of 
accuracy. 

Put (i)^r and (1)=. 

r(iH2i^) + «(iH^)==7S; (A) 
^r[2w-f «[t^ = A — (r + s). 

In order to find a convenient value of %^ this last expression 
may be put under the form 

+ 2TU — 5W = A — (r + s) 

\_ 

A - (r — s) "36 , 
2r - ff _ 50 * '^' 

72 

1,04, = 3980132, reciprocal = '3980132 = '0*4 1 o,o,o,4AO,o,4> 
Again, putting f gj 1 0,4,1^, for x the given equation becomes 



^ij 1 0,8,2 i^, + (|j 'd^u \ 0,0,04,0,0,0,4, = 75 ; (A). 

If ^ 1 0,8, = -03007935 be put for r, 

and ^|j '4 \ 4,0,0,0,4, = 72073527 for 5, 

,, A - (r + 5) -- -00081462 , 

then iL = ^^ = — . r^ __ — 1 0,0,1,2,^, 

2r — .s —'66057757 * » » ' o» 
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Because |, 04,1,2,3,0,0,0,0,0,0, = 41030813597, 
and the reciprocal '410308 13597 = 'o'4'd8'2*g'4'3'do'fS 1 

Then putting f^j {0,4,1,2,3,1^, for a?, we have 
r = fgj 1 0,8,24,6, = -030153408486 
= (^) 'oVo'8'2V4'3'o'o'7'5 1 = 719849665962 



8 



. ^ ^ A ~ (r + g) ^ 'OOOO03074448 ^ vff6'iV8'4 t 
2r-« -659542848992 ^ ^ ^6 

•'• ^ "* (^) 1» 0,4,1,2,3,4,6,6,1,4,84, = -17364817766 
, .-. i,(a?) = 551861098745,-1,(10). 

Thcfl-efore the natural sine of 10** = -17364817766 and the 
dual log sine = 55 1861098745, — j, (10). 

Ex. 12. When $ represents the sine of the arc a to radius i, 
then ys — 56^ + 1 125* —64/ = sine of (ja) \ if ja— 180"*, 
7a = 360°, Ja ^ 540**, cfcc, the eqtmtion becomes 

{fsy - 7(2«a»)« + 14(2*0 -7 = 0; 

find the three values of (25). 

The given equation may be put under the form 

,-^ = 2's' -- I, which when divided by 2*s' becomes 

V7 

25 I 

7= = I — 53 > putting V = 25 the last equation becomes 

" +3=1; (K).. 



V7 »' 



' = v/ = -37796447 = a. 



V7 7 
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A value of v being something less than 2* put 'u } (2) for Vy 
the equation (K) becomes 

2a(i|[M) + i(i-|-[2tt)= I. 
2a^2a[u + iii[2tt = I. 

.-. |2a[««|J[2w= I — (2a + I). 
or, (- 2a + i)w = I — (2a + J) 

- 2a + i - -25592894 '* 

The process being continued, one value of i? is found to be 
= (2) t 'o'2'5'3' i,i,5»5, usually written 'o'2'5'3 \ (2) \ OAOAi|i,S,S. 

'o*2'5'3 1 0,0,0,0, 1 J,S,S> = -97492802 = sine of ^y- • 

Chord or 2s ^ 1*94985604. 

Also V may be found 

= (|)l,04,i,7>6,2,84, = 1*56365975 = 2s 
s = 78182988 = sine of ^. 

The given equation may be put under another form, since 
^' = (2V-i)* or =(i«2'«*)« 

V7 

.-. -7=- = 1—1;' 

V7 

B B 
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or, - - av = I ; (K) ; 

1 1J7 
(a) being put for j= = ^ = '37796447301 

If V be put = 'w I then (K) becomes 

\2u, — 'wl(a) = I 
.'. I \\2u — a(i -{-[tt) = I 
.•. \\2u — \a\u =i--i+a = a 

To find a convenient value for u this last equation may be 
written 

-\- 2u -\- au -= {2 -\- d)u ^ a 

2 + a 2*377 ... ' 

If 'wf = 'i I the square of the reciprocal will be \ 2,2,0,2,0,0,0,2, 
now equation (K) becomes 

(1-23456789) { 2Mj ~ X f (-34016802) = I. 
or, l\2u^ — X!(c) = I 

... J(i|[2wJ-c(i|K) = i 
.-. \h\2u^ — \c\u^ = I — 6 + c 

This last expression may be put under the form 

(+ 26 + c)Mj = I ~ 6 -h c 
to find a convenient value for u^ 

_ I — & + c __ 10560013 
* "" 26 + c "" 280930380 

which indicates that '0*3 | is a convenient value for 'vr^. 
\ 0,6,0,6,0,0,0,6, is the square of the reciprocal of *o'3 f . 
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By continuing the process the first six digits will be found to 

he 'i'3'6'3'i'7 j The next step not only verifies the 

foregoing work, but also determines the next five or six digits 
following 

'iYff3'i'7 1 

reduced to the twelfth position 

= '141831540281 
the logarithm of the reciprocal squared will be 

283663080562, = 'Qlo'2'2'6&44f^'f7 \ 3, 

'i'3'6'3'i'7! (-37796447301) = •3279^525862 (cj 
Vo'2'2'ffff4V7'8y7 1 3, = 1-32798533128 [\) 
(6Ji2w,-'t*|(cJ= I. 

••• &i(ii[2i*)-c,(i + M= I 

W[2u- \c^[u = I + Cj - 6j 

and ultimately, (+ 2&j + cji^ = i -^ c^ — \ 



u 



_ I + Cj — 6j _ — 00000007266 _ |S 

" 2\ + C^ ~ + 2984 "" ^ ^''^'^''^* 



. • . V = ' I '3'ff3' I 'fddddo \ 0,0,0,0,0,0,0,2,4,34, 
• •• ^ = -433883724578 = 8 = sine of ^ . 

It may be shown by plane geometry, that sine (3 a) = 3 s — 4s' ; 

sine(5a)=55-20s^-f i6s; 8ine(7a)=75=56s'+ii2/-645'; &c. 

(See Leslie's Elements of Geometry. Prop, III. p. 356, 181 1.) 

Putting z for v^ = 2^s^ and sine (7a) = o, as before, the equation 

becomes 

«' — 72^ -f 142 — 7 = 

To take away the second term, substitute x + - for 2, then 
the equation becomes 

ic'--ic + -^ =0. (L). 
3 27 ^ ^ 



1/8 
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Let AGFH be a circle, radius OF = OH = a, ABC an 
inscribed equilateral triangle ; take any point E, between 
C and B, make the arc EC = CF -= FG, and draw the other 
lines of the figure. 




Fig, 2. 

Now, by Prop, D, Simson's Euclid, VI. 

AE X CB = CA X EB + EB X AB 



dividing by 
gives 



CB = CA = AB 
AE = EB + EC. 



Consequently, if EC and EB represent two of the roots of a 
cubic equation, wanting its second term, AE with a contrary 
sign will represent the third root. (Saunderson's Algebra.) 
Suppose the chord EG of the three arcs EC, CF, FG, to be 
known and put =26. It is easily shown that EB is J of the 
arc EBAG. 
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Let X = the chord EC = CF = FG, 

and y = the chord EF = CG, 

The two quadrilateral figures CFGH and EGFC furnish 
the following equations : — 

2a y. y — X J 40^ — x^ -\- ^ ^4^* — x^ 
yy.y=^xxx^2hxx 

.'. x^ — $a^x + 2a^b == o (M). 

.'. the chord CE = a;, will be one of the positive roots of 
tliis equation ; and the chord EB of the third part of the arc 
on the other side of EG must be the affirmative root ; for if x 
be put for the chord of one-third of the arc EBHG, the equa- 
tion will be the same. Comparing equations (L) and (M), 

3a' = - .*. a = ^^ and 2a^ = i^ ; 

3 3 9 

also, 2a'6=-^ .-. & = ^ = half EG. 

27 6 

We subjoin the solution of an ingenious geometrical question 
connected with a class of cubic equations ; it was proposed in 
" The Lady's, Farmer's, and Mathematical Almanack," Dublin, 
IS61 ] and reproposed in the same work, 1862 and 1863, ^7 
Mr. Matthew Collins. No solution of this question has been 
before published as far as the Author of the present work is 
cognizant. 

Question. 

Prove geometrically that the division of a right angle, or the 
circumference of a circle, into 7 equal parts, can be efiected by 
means of the trisection of another given angle whose tangent 
is 3V3- 



i8o 
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The following conBtmction may be employed to divide the 
circamference of a given circle, BTAZ, into seven equal parte 
by plane geometry, when the arc DP or the arc P«QD of the 
circle DQkP is trisected. 




Take OA = AD = DE = i ; on OD describe the equilateral 
triangle OED ana draw FE. Draw DH parallel to OF and 

EH will be the radius of the circle abnQ. Take DP = - of 
DB, or of the radius OA, then the Btrsight line DG = - DP 

= 1 of OA, CG = -AF. 

6 ' 2 

In the right-angled triangle CDG, CD = HE = ^ = the 
radius of the circle abnQ ; DG = GP = i of AO ; and 

m _ £ i IT — ^ 
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The tangent of the angle CDG = ^^ = ^5 -f- - = 3 ^^3. 

Let PJ be equal one-third of the arc PiaD, then if bn be the 
side of an equilateral triangle inscribed in the circle, Pn will be 
one-third of the greater arc PnQD ; Qn, w6, are the sides of an 
inscribed equilateral triangle. Make PL = PQ, and draw LE 
perpendicular to OA meeting the semicircle OEA in R, then 
OR equal to the side of the regular Heptagon BSTVXYZ. 

It is evident, from what has gone before, that PQ is the 
negative value of x in the equation 

x^ --X + — =0. 
3 27 

OP = ^ = 2j = OA + AD + DP 
3 ^ 

OL = -ic + - = 2; = 2^s\ 



But AO X OL = OR* or i x OL = OR' 



.*. OR = 2s when s = sine of - 



The positive values of x apply to — and — . 

Ex. 13. Find the first twelve and the number of figures in the 
continued product 1.2.3.4.5.6 1 8. 

It is shown in the Author's work, " The Calculus of Form, 
a New Science," that 

1. (I) + 1. (2) + 1, (3) + 1. (4) + \,{x) 

= ii,(2,r)+(a;+i)l.(x)- io"Q; 

^ V2x^ 3-4x' 5-60;' 7-80;' 
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B,, Bj, B5, . . . . are the well-known numbers Bernoulli, the 

first ten being B, = i; B, = — ; B = --; B, = — ; B. = JL ; 

° • 6 ' ' 30 ' • 42 ' ' 30 ' » 66 ' 

B =-^- B -^- B =3617. T, _ 43867. ^ _ 1222277 
" 2730' «~6'" 510 ' ''" 798 ' "' 2310 ■ 

X = I80OOOOOOOCKXXX) + 

B. I . . , . II 



1 — 



0046296296296 — = — X 



V2 X -r ^ ^ :y 12 I8 

3^^= •ooocxx)4762990 + = ^x^ 

B T . II 



-^= 0000000004200 -= ^^ X :^. 
A^= 0000000000009 + = j^ X :^, 



179953708462503, = io"Q 

i, (18) = 289037 1 75 78961 647 1, in the 17th position. 

i^iUiS) = 5347187752107904713, 
h I (27r) = 91893853320467275, 



5439081605428371988, in the 17th position. 
179953708462503, in the 13th position. 



363954452080334, = (10") 14,8,9,5,3,5,6,0,8,1, 1,3,2, 
4(10*'') i4,8,9»5,3>5Ao,8,i,i,3,2, = 6402373705730000 

This result shows that the product consists of 16 places of 
figures, the first twelve being 640237370573, which is true to 
the last figure, for by common multiplication 

1.2.3.4.5 18 = 6402373705728000. 

The calculation becomes more easy the greater x becomes, as 
the two following examples will show. This problem of so 
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much importance in the theory of chances, the calculus of 
finite differences, definite integrals, &c. received great attention 
firom Enler, Legendre, and Laplace, and yet, with extensive 
tables and tiresome approximations, very few of the first 
figures of their results could be depended upon. The dual 
calculus, in this as in numerous other instances, in a direct 
manner, removes with ease all impediments. 

Ex* 14. Find the Jirsi eight and the number cf figwree in the 
continued product 1.2.34.5.6 365. 

In this example x = 365* and 

B. I I I I I 



34^ 360 36s' 360 48627125' 
which will not amount to a unit in the eight decimal place ; 

.-. Q in this case = a? r — == (365) - (x)CX)22832) 

1. 2 X 

,'. (io*)Q = 36499977168, ar. CO. I63500022832, 

|, (3-65) = 1 294727 1676, in the lOth position. 

(365 i) i»(3'6s) = 4732227797578, in the lOth position. 

= 47322277976, in the 8th position. 

1. (365) = 1. (3-65) + 1, (10') 

(365i) i, (36s) = (365i) i. (3-65) + i, (lo™) 

These simple preliminary arrangements and calculations being 
made, the required result is almost instantly obtained, and that, 
too, without tiie use of tables or other outlandish dodges. 

(365i) i, (3-65) = 47322277976, 
(10*) Q T635ocx)22832, ar. co. 

il,(27r) 91893853, 

1,(10*0+92044726,- iO9i4i9466i,=l,(io*0+2i,2,3,6,8,3,i,7,3, 

2 1 2,3,6,8,3,1,7,3, = 2-51041286 

c c 
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.'. The first nine figures of the continued product 

1.2.3.4.5 365. will be 251041286 

and the complete product will consist of 779 places of figures, 
for 10'" X 10*' = 10"® and 2-510 . . . multiplied by ro"^ gives 
779 places of figures. 

Ex. 15. Find the first seventeen figures and the number of 
figures of the continued product 1.2.3.4.5.6.7. 1875. . 

1,(1-875) = 62860865942237405, in the r7th position. 

(i^/Si) l»(i*S75)=ii7S95554074666253078, in the 17th position. 
^ |,(27r) = 91893853320467275, in the 17th position. 



II 79874479279867203 5 3, = 1,(10"^^) 
+ 95091 166691581537 

1,(1875) = 1,(10^ + 1,(1-875) 

.-. (i875i) I (187s) = 1, (lo^^^^i) + (i875i) i, (1-875) ; 

(i875i)l> (1-875) = l,(io^^2) +9509116691581537, 
•. Jl,(27r)+(i875i)l,(i875)=l,(io«is«*)+9509ii6669i58i537, 

1875^ = 3515625 

T 



1875 
I 



= -00053333333333333 = A 



(78757 " JTsfs? " 00000000015 170370 = B 

B I 

fl870^ = (iSytY "^ 00000000000000004 = C 

(C) and the succeeding terms may be rejected. 
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hi this example 

"^ 1*2 a; 34 x" 

II II 
12 ic 3602? 

= (1875) - (-00004444444444444) 

+ 00000000000042140 

,-. I017Q ^ 18749999SSSSSSS597696, 

= Uio«^^) + 69568985840279344, 

= l,(l05324i) ^ 2552218085 I3O2I93, 
= 1,(10^324) + 14065 1435501004477, 

17 
I 14065 1435 501004477, 

= 4 \ 0,2,0,3, 1 >9,34,7>2,3,7»3,3»2,8,9, 
= 408170321111040128 

This product will consist of 5325 places of figures, the first 
seventeen of which will be 

40817032111104013 .... 

Ex. 16. Required the first eight figures of^ and the number of 
figures in, the continued product 366.367.368.369 1875. 

1, (1.2.3 1875.) = \> (10^32^) + 14065 1436, {Ex. 15.) 

1, (1.2.3 365.) = 1, (10^78 ) ^ 92044724, {Ex. 14.) 

i, (10^546) ^ 48606712, 

But 48606712, = i, 5A9,S,2,o,7,2 = j, (1-6259091). 

Consequently, the first eight figures of the continued product 
366.367.368.369 1875, will be 16259091 and the com- 
plete product will consist of 4547 figures. 
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Ex. 17. Suppose (a) 371, the number of chances for the 
happening of an event in a single trialy and 3597 ©> *^^ number 
of chances for its failing ; find how many trials must be made to 
have an even chance that the event will happen once. 

Let X be the number of trials. 

Then, according to De Moivre 

&* I 



(a + 4)* 2 



Y 



. X = U^) =. {>(2) ^ 69314718. 

ifi+^'j Ui-10314150 9816207, 

.*. a; = 7'o6i2 or 7 times nearly. 

JSr. 1 8. Suppose (a) the nitmber of chances for the happening 
of an event in a single trial, and {b) the number of chances for its 
failing; find how many trials (r) must be made to have an even 
chance that the event will happen (r) times at least. 

First put a = 5 ; b = 1000 ; and ^ = 3 ; 

then - = 200 = q; -r = xxds ; ^ = 000025. 

The chance that the event will happen at least three times in 
X trials is equal to the first a? — 2 terms of the expansion of 

/ a b Y 

[a + b'^ a + b) ' 

and this chance by hypothesis is ^. Hence the last three terms 
of the expansion will be equal to |, that is 
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Dividing by 6* this equation may be written 

Since a= $' and b = looo* (i) becomes 

ar| ^ + (-0000125)0: + -0049875 j- = iL^ ; (2). 

It is easily shown that x has some value between lOO* and 
1000*. Put 500 1 Uy for sc, then (2) assumes the form 



zoo 



{I 7 Ci'ooO^^^^ 

^^^-Kooooi2S)(5ooK)+-oo49875 j-=^(^y(^; (3)- 



We may here premise that 

{ 'i i,o,iAO,o,i> is the reciprocal of \ i, 

J '2 2,0,2,0,0,0,2, „ „ \2, 

r3 3A3AO,o,3, „ „ i3, 

&C. &C. 

and vice versd. The same may be said of 
\o,i, and I '0*10,1,0,0,0,1,; of i 0,0,1, and }'o'o'iooi,o,o, &a 

i,(i-oo5)=498755» 
. •. 4987s S. X 500 = 249377500, = I, (oosjsoo 

(3) put under a logarithmic form becomes 

i» { jI^ + -625 W, + -49875 {• 

= 249377500,^249377500,) K - 1, (10) - 1, w, 
= 191 18991,^(249377500,) [u, - \,u, 

Although the reductions here instituted are extremely simple^ 
yet we have been careful to record every step in establishing a 
convenient form (4) to operate with, because this is the first 
equation of the sort ever solved by a direct process. 
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, r*20(XXXXX) ^ I o ) 

J, I — Y^ — + 62500000 J II, + -49875000 j- 

= 191 18991, 1 (249377500) [U - 1, U, (4). 

20000000 
•62500000 
•49875000 

1.(1*32375000) = 28046962, 

Now let us suppose u, to be in the first po8itix)n, then for every 
unit in it the right-hand member of (4) will be increased by 
24937750, and diminished by 9531018, hence the increase for u, 
units will be at least = (24937750 — 95310x8)2^ = 15406732'M. 
Again, for every unit in u, the left-hand member of (4) becomes 

•20000000 1 '11,0, 1,0,0,0, 1, + '625000001,4- 1*49875000 

= 1-36806818 at least 

And (1-32375000)1 0,3,3,0,8,1,5,5 = 1-368068x8 

the logarithm 28046962, is increased at least by the 
logarithm of 10,3,3,0,8,1,5,5, = 3293x04, for every unit in u, of 
the first position. 

Hence the equation 

28046962, -f 3293104,1* = 19x18991, + 15406732,?^ 
will give a convenient value of u, 

.-. 12x13628^ = 8927971 gives u = 07 

Consequently, 1 0,7,^3, may be taken as a convenient value 
for \u, 

To avoid being misunderstood, these directions are given in 
detail, and the results carried far beyond the extent required to 
find a convenient value for u, ; indeed, we might have taken 
u, = ♦ X, without inconvenience. 
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J 'o'7'2 7,0,2,0,7, is the reciprocal of \ 0,7,2, 
f '0*70,7,0,0,0,7, is the reciprocal of i 0,7, 

1 0,7,^3, being put for j u^ in (4) the equation becomes 

1, {-18654360(1 + K) + -67008460(1 1 [1/3) 4 -49875} 

__ (roo5yoQ^Q>^>^»' 

" *' (2) (5) 1 0,7,^^3, 

= 30142692, 1 (267366433) [ws - 1' M ^ (5)- 

•18654360 
•67008460 
•49875000 

U 1*35537820) = 30408052, 

For each unit in u^ the right-hand member of (5) will be at 
least increased by 267366 and diminished by 99950, hence 
the increase for u.^ units will at least be (267366 — 99950)^3, 
= 167416^3. The left-hand member of (5) becomes 

18635706 -f -67075468 + -49875 = 1-35586174 

for W3 = I and (i-3553782o)| 3,5,6,7,1, = 1-35586174; 

consequently, the logarithm of the left-hand member is increased 
at least by 35671, for each unit in u^ ; 

.-. 30408052, + 35671 W3 being put = 30142692, + 167416^^ 

265360 
ffives w, = — =^^^ = 2,01. 

The reciprocal of {0,0,2,0,1, is I'oV2o'i2,*o'o 

Again, to obtain greater accuracy, put 1 0,0,2,0, i,w^ for u^ in 
(5) and the equation becomes 

I{'i86i69ii{i^[u,) + -67143215(1 IK) + '49875} 

(i-oo5)^^^^^'^'2'^'^'"'" 

- *'(2)(5)|0,7,2,0,I,W„ 

= 30479471, i (2679041 12) K - i. (wj ; . (6). 
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'I86169II 

•67 1432 1 5 

•4987s 



I (I '35635 1 26) = 30479822, 

For each unit in u^ the right-hand member of (6) will be at 
least increased by 168, therefore the increase for u^ miits will be 
168 Wj = (268 — ioo)u^. The left-hand member of (6) becomes 

•18616930 + '67143278 + '49875 = 1-35635208 

7 
for Wg, = I, and (1-35635126) \ 6,1, = 1-35635208; 

consequently, the" logarithm of the left-haiid member of (6) is 
increased by 61, for each unit in m^. 

30479822, + 61 M^ = 30479471 + i68u^ 

822 
.*. w- = 3,29 

• 107 ^ ^ 

* 

. •. a? = 500 J 0,7,2,0, i,3>2,9> = 53714748. 

Ex. 19. Let 19(0) he the number of chances for the happening 
of an event in a single trial, and 200(b) the number of chances 
for its failing ; find how many trials (x) must be made to have 
an even chance that the event will happen 3(r) times at least 



a ^ €? 



J = -085; jp= 0036125; 
and the general equation becomes 

^ i + -085 + -0036125 (x - i)| = ii^ 
which may be written 



X 



X 



|i + -oo36i25aj+ -0813875 | = iii^5V:. (,) 



k 
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The 4aal logaritiim of 1-085 in the 12th position 

^ 81579986989, 

'•• Uro85) = 8157999, 

The yulne of ^ ift situated between 30 aud 40, since fox 40^ 
equation (i) becomes 

"^^{^"^ '^36125(40) + -0813875 I and ^^^^^ 

- {f„ . -5.8 . .3.555,} ^ ^". 

The logarithm of the left-hand member is 

1. (1-00355000) = 3S4374. 
but the logarithm of the right-hand member is greater 
= 40K1085) - 1,(2) - 1,(10) = 26746721, 

When x= 30 [u, equation (i) becomes 
30 i «, \j^^ + 0036125 (30 1 «,) + 0813875 1 = ^-—^ 

••• {5f^-^-^5025l«, + -488325}=^g||^*; (2) 

Neglecting | u, and taking the logarithms of both sides of 
(2), we find 

1,(1-338575) = 29160565, 
and 

30 i,(ro85) - 1,(10) = 244739961, - 230258509, = 14481452, 

When a? = 40 354374, is less than 26746721, 

a; = 30 29160565, is greater than 14481452 

Hence the value of x lies between 30 and 40, limits suf&cientlj 
close to find the value of x to any required extent 

D D 
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For each unit in \ u, of the first position, the logarithm of 
the left-hand side of (2) is increased by 3439640, at least, and 
at the same time, the logarithm of the right-hand number of (2) 
is increased by (24473996, — 9531018,) = 14942878, at least. 

.*. 29160565 + 3439640^ being put = 14481452 + 14942878M 
will point to a convenient value for j u, 

1 4679 1 13, 
1 1503238, 

1 1,2,^3, may be put, for in (2) we obtain 
1, {-17823564(1 f K) + 72965203(1 i K) + -488325} =. 

1' (2) (5) (i i,2,«3) = 32845564, i 274625 157 [«, - 1. «3. ; (3) 

For each unit in u^ the logarithm of the left member of (3) is 
increased by 39500, and the right-hand member by 174675; 
hence, putting 

33376334, + S950ot*3 = 32845564, - 17467s w, 

gives u^ = 3'9 
.'. X may be put = 30! 1,2,5,9,^' 
the next step gives 

x = 30\ 1,2,3,9,1,6,6,0, = 33*795352 

This result, so easily found by the dual calculus, defied the 
combined skill of Laplace, De Moivre, the Bemoullis, and other 
writers on the theory of probabilities. The method here insti- 
tuted will apply to equations of all dimensions equated to 
exponential equations. 

Ex. 20. Required the value of x in the equation 

7+8=9. 

Arts. X = 3*94136679. 
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The solution of this simple-looking question has heretofore 
defied the skill of mathematicians. 

©' "^ ily ^ '• *' (9) = '^5131443 = '2'4'o'3'9'2'o'3 't 



!,(?) = 'I i7;8304 = 'i'i'2'3yi'i'8t 



Put a? = n i u^,u, 



s* 



The given equation may be put under the form 
C2'4'o*3V2V3 l)»*'*i»«*» • • • + ('i'i'2'3y I'i'S \y^^i^^t, .... =1. 

3 C2'4'o t) = 7'2 t = 468 nearly. 

3 Ci'1'2 j) = '3*3 I = 707 nearly. 

1*175 too great. 

4('2'4'o I) = y6 \ = -364 nearly. 

4(*i'i'2 I) = '4*4 1 = '630 nearly. 

994 too small. 

Consequently x is less than 4, but greater than 3 ; however, 
we may commence operating with either of these numbers. 

'I 1778304 
3 

'25131443 1,(702331962) = '35334912 
3 

^5394329 = i>C470507S4S) 

11728 

1728 (A), Excess. 



194 
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(715 •••)(+ K) (-47 • • ) = i 35 25«, 
('3l5 •••)(+ [«i) (70 . . ) = i 2-4 so«. 



i5^ 7S«»i=i72& 
+ 05975 «. 



•1728 , , 
• ■• = —7 — = 1 2, = 1 M, 
05975 * * ' 



1 2, 



'7|5|3|9|4|3|2|9 



15 



o 
7 



'i 5832809 



'91227138 



Ur 



'353349*2 



7066982 
353349 



='i'S»2'7'i'4'8'7i 74203it 



= 'or 3'8'4'9'4'3 1 



'42755243 



(-470507545) ('i'5'2'7'i'4'8'7t) = -401610974 
(-702331962) ('o'7'i'B'4'g'4's f) = •6$2i632t2 

Then the corresponding results may be thus arranged :■ 

'91 227 1 38 = [,(-401610974) 

|,(-652i032i2) = '42755243 



1-053714186 
0537 Excess, (B). 



('91I2... ) (:J- «,) (-402) 
C42I7 . . . ) (+«,) (-652) 



366624 U, 
278404«^ 

• « ' . _ 

64502811, = 0537 



.-, w, = 8, 
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2 

18. 



2 

I 8. 



'91 22 


71 


38 


7 


29 


81 


71 




2554 


36 


|si 


09 




64 


1 



'42|7Sf52|43 



42 
II 



04 

97 
23 



19 
15 
94 
30 



3 54 25 58 = 'o'3'5'2'7'2'o'6 1 
7 55 8781 = 'oy5'2'3'2'9'3 I .^e^g^goi 
•98 78 59 19 

(•401610974) Coy5'2'3'2'9'3 !) = 372373023 
(-652103212) Co'3'5*2'7'2'o'6 1) = -629406473 

The next convenient dual digit may be found by comparing 
these results. 

'98785919 = I C372373023) 

\, (-629406473) = '46297801 

1*001779496 
•001779 . . . Excess, (C). 

('98718 . . . . ) (i W3)C372 . . ) = (368 ...X 
C462I9 .... )(itt,)C6^ . . ) - {^91 - ■ )^« 

6S9«s ^ 001779 (C). 



.-. w, = 2, 



8 



3 

I2, 



3 

I 2, 



'987)8591 19 



'4621978(01 



1975 



72 
99 



925 



96; 

46] 



1 97671 'o'o'i'9'7'6'2'i t 
'989 835 90 



926 42 = 'g'2'64'2 \ 



'463 904 43 
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C372373023)Ci'9y6'2'i f) = '371637659 

3 

{'629406473) C9'2'6'4'2 t) = -628823629 

4 



1*000461288 
'000461288 Excess, (D). 

We are now in a position to operate to find the next con- 
yenient dual digit, or u^ 

C9898I . . . . ) (it*J C3716) = 3678 . . u, 
C4639I . • • ) (i W4) (6288) = 2917 . . u, 

65951*^ = 000461288 (D). 

••• w^ = 7> 

4 4 

i 7. 17. 

'9898I3590 '46390443 



6I9288 
21 



32473 
10 



6 9309 = '6'9'3'o'9 I 32483 = '5'2'4'8'5 1 

4 



'9905 2899 '46422926 

(•371637659) C6'9'3'o'9 t) = -371380158 

4 

(628823629) ('3'2'4'8'3 t) = 628619392 

4 

•999999550 

000000450 Defect, (P). 

The remaining digits may be found hj common division^ by 
retaining the last divisor (D). 

(D) 6595 450 ('6'8t 

■ • t - 7 

396 

54 



CONCISE PROCESSES, PROBLEMS, ETC. 1 9/ 

X = 'ddddddSZ \ 3 i 2,8,2,7,0,0,0,0, 

II 
3-94139052 

.^ 73-94189052 i 3 3 -94139052 _, q 3-94139062 



Ex. 21. Oivm 3* + 7* = 16* to /iwZ X, 

Ana. X = -57812489. 

As in Example i, it is evident that 

i'(A) =''^7397643 

and i,(^) ='82667857 

Put X = a\u^yU^yU^ .... 

It may be soon confirmed that a may be put = i ; for 

2 ) '167397643 

2 ) '82667857 



'83698822 = {,(-43301270) 



I, (-66143783)= '41333929 

109445 ... 
•09445 . . . Excess, (A). 



To find a convenient value for w^, 

('83-)(+«i)C43) = 3569«. 
C41 • • ) (^Mi) i:^ = 2706M, 



6275m^ = -09445; (A). 
.•. M, may be put = i, 
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D0AI. AKITHVSne. 



'8 



69 



ll. 



8 
9 



2='o'8'3'2'9'4'6'ot 



'l^i 



il3|3|3 
3I3 



92 
3 '9 



3='o'4'i'i'3'2'o'7t 



'92068704" 



'454673*2 



(•43301270) ('0'8'3'2'9'4'6'ot) = -39824534 
(•66143783) Co'4'1'1'3'2'0'7 1) = -63465535 



1*0329 

•0329 Ejzcess, (B). 



To find a conTenient value of u. 



'92068704 = i, (-39824534) 

I. (-63465535) = '45467322 

('92 ..)(+«,) (-398) = 366i6«, 
('45 • • • ) (I «.) (^34) « 28530«, 

65 146«, = ^0329 . . . (B). 



Hence u^ may be taken = 5, 

a 

15, 

'92|o6|87|o4 



2 

is, 



'45|46|73| 



22 



60 
9 



34 
20 

9 



35 

69 
21 

5 



27 
4 



33 

54 

4 



^■*" 



66 
67 

SS 
2 



4 69 64 30 = *d^6fs'^9\ t 2 3 1 92 90 = '0'2'3'0'9'oy 2 1 



'96765134 



'47786612 



(-39824534) CoV6y5'9V4t) = '3799744.3 
(•6346553s) Co'2'3'oVp'7'2 t) = -62010525 



100007968 
00007968 Excess, (C). 



CONCISE PBOCESSES, PfiOBLEMS, EHQ. 
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The remaining digits may be found by common division. 

'96765134 = i, (-37997443) 

|, (•62010525) = '47786612 

C96; )(+[«•••) (•3799- • • •) = 29636(«. . . . ) 

('620 ) (I [^ • • • ) ('4778 ••.•) = 36746 (u ) 



6638 ) 0000 



7968 
6638 



66382 (« ) = 00007968 



« 4 

{\ 1,2, = \ u^u, 



1330 



4 

i 1,2, 



4 

i 1.2, 



'9676 

♦ _ 



5134 



'4778 



9677 
193s 



6612 



4779 
956 



Il6l2='0'0'0'l'l'6'l'2| 



5735 = 'o'o'o'o'^'7'3'5 t 



'9677 6746 



'4779 2347 



(•37997443) ('i'i'6'i'2 1) = -37993031 
(-62010525) ( '5'7'3'5 I) = -62006968 

•99999999 
.-. aj = Jl 1,5,0,1,2, = -57812489 



Or, 



> -67812489 



^ ^•6781248» — jg-6781848» 



Ex, 22. Given (4255805712)* + {529187469)'- {OooOQ-y. 
to find X, 



Ana. X x= 3-21123237. 
E £ 



2CX) DUAL ARITHMETIC. 

Let X = /8i?^j,?^j,?^g, . . . 

Therefore, 

)3 may be put =3, for if yS be put = 4, the result is 
greater than i. 



2('i'2l) = '2'4| nearly = 
2(Y2J)='6'4t nearly 



'' ' ' \ sum greater than i. 
= •510. . .) 

3Ci'2 1) = '3^6 1 nearly = 364 ... 1 ^^^ ^,^, ^^^^ ,^ 
3C3'2t) = '9'61 nearly ^'6%6.,A ^ 

But if ^ be taken = 4 then the sum would be less than I. 
Hence /3 may be conveniently assumed = 3, yet, 2 or 4 may 
be put = y8 and a correct value of x obtained. /8 may be 
either a multiple or submultiple, great, if u^,u^ , . , be small, 
and small if u^yU^ ... be great. However, by one or two 
rough trials like those above instituted, a value may be given to 
y8 that will render its application convenient. 

(709300952)^ + (•881979115)^ = I 
il 11 

C3'2>*2'8V6'2 \f + Ci'2'o'i'2'5y 1 1)^ = I 

II II 

'34347536 '12558691 

3 3 



U-356854885) = 'i030426o8 '37676073=1,0686080203) 

•686080203 
•356854885 



1*042935088 
•0429 Excess, (A). 



CONCISE PROCESSES, PROBLEMS, ETC. 



20 1 



(^376 . . . ) (i N (-686 . . . 
(1030.. .)(i[^)-C3S6. . . 



2579 • . (^) 
3677 . . (u) 



6256 . . (u) = -0429 . . (A). 



It is evident that 26, = o ; tlien u^ = 6, for 



6256?^.^ = 04 



29 . . . (6, 
75 .. . 



16, 
'37|67|6o|73 



2 
16, 



'ioj30|42|6oj8 



26 
5 



OS 
65 

7 



64 

14 

54 
6 



i6i 


82 


556 


I 


54 


56 


4 




2 


06 


I 




I 


5 



2 3 1 78 38 = 'o'2'3'o7'ff 2*0 } 63 39 19 6 = 'o*ff 3 V8'8'4'2 | 



3999 3Q II 



'1093 81 804 



(•686080203) C0'2'3'0'/ff2'0 f) = 670360856 

(•356854885) (V6'3V8'8'4'2t) = -334935266 

'109381804 = I C334935266) , 

1,0670360856) = '3999391 1 

I 005 296 1 22 
005296122 Excess, (B). 

To find u^. 



C1093 )(iWC3349) 

C329 )(iK)C6703) 



366 ... 2*3 
268 ... 2^8 

6342^3 = 00529 (B). 



. *. w, may be put = 8, 



202 
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18 
I09|38i|804 



8 

'399I939I* ' 




199 
II 



51 
20 

2 



878 123 = 'o'o'8'7'7'7'2'3 1 3 210 73 = 'o'o'3'2'o'9'2'3 \ 



'1 10 259 927 



'403 149 84 



r-334935266) Co'0'8'7'7'7'2'3 1) - -332006985 
(•670360856) ('o'o'3'2'o'9'2'3 1) = 66821 1852 

1*000218837 
•000218837 Excess, (C), 

'110259927 = 1,0332006985) 

j, (-668211852) = '40314984 



To find u^, 

C"02 ) (I K) (-332) = 365864M, 

C403 ) (i K) (668) = 269204^, 



635 ...v,^ — -000218837 



Then v,„ may be put = 3, and u, = 4, for 



635 ) 10002 



1883 ( 3,4, 
905 



2833 
2540 
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4 

134. 
'11021599217 



3307 



8 
3 



4412 



• 6 

= i4. 




5 

14, 



3749 3 = 'o'o'o'3'7'4'9'3 1 i 37o8 = 'o'o'o' I'sYo'S \ 



'i 102 97420 



(•332006985) (•o'o'o'3'7'4'9'3 1) 
(•66821 1852) ('o'o'o'i'3'7'o'8 j) 



'4033 2325 

= -331882524 
= •668120257 

I •000002881 Excess, (D). 



(•ii029....)(+W (-33188. •••) 
('4033 . . . • ) (i W ('66812 . . . . ) 



63553 ) '000002 

■■' 2 



36608 ttj 

26945 «, 

63553«4= 000002881 (P)- 

881(4, 
542 



339 
318(5. 



21 

19(3. 



.-. x = 3 J 0,6,8,344.5.3. = 32 1 123237 

£lx. 23. Find the first eight figwres of the continued product of 
the odd numbers l^3'5"7'9 505. 

In the Author's Work on the " Galcnlns of Form, a New 
Science," it is shown that 
I. (r3-57 i2x-i))^x\,(x)+(x^ I) I (2) - lo'a;. 



204 DUAL ARITHMETIC. 

In this example x ^ 505. 

1,(505.) -622455842/9275 

1,(2) = 69314718,056 

• •. a? 1, (a;) = 314340200678,3875 

35038589977,308 = (505i) 1, (2) 

349378790655,6855 
10' a; = 50500000000, 



298878790655,6855 



This result divided by 1, (10) = 230258509,2994 gives 1298 
in the quotient with 3245585, remainder. 

3245585, = 10,3,2,6,0,5,8,6, = 1-03298827. 

Hence, the product will consist of 1299 places of figures, the 
first eight of which is 10329882. 



2 

Ex. 24. Li the curve whose equation is y ^ -y=e"*' find y 

vtt 
when a; = 3. And x when y = — 5 ; e being eqtial to 2718281828 . . . 

|, (e) = lOOOOOOOO, 

1,(2) =69314718,055994533 

i 1, W = 57236494,292470008 = 1, (-pj 
12078223,763524525 

•*• 1» (y) = 12078224, + '900000000 = '887921776 

'887921776 = 33112261, - 1, (10*) 

33112261, = 1 3,4,S,3,9>3,2,5 = 1-3925305 

.-. y = 00013925305 when a? = 3. 



CONCISE PROCESSES, PROBLEMS, ETC. 20S 

Again j, ( — g] = 12078224, - aj'(icxxxxxxx>,) 

. ^ ^ 1842068074. + 12078224, ^ ,8-54146298 

lOOOCXXXX), 

.-. x = 43059799 when y = 'ooooooooi 

Ex. 25. Find the area of the curve eocpressed by 

2 /** 
/-/ 6""**rfa; awrf ^Ag differences for intervals of x = 'Ol ; 

a? = '02 ; ;r = '03 ; &c. 

First ordinate, 

* i, {y) = 12078224, - (•01)^(100000000,) 

= 12068224, = 1, 1,2,5,4,7,3,9,0, = 1,(1-12826630) 

.-. y = 1-1282663 when x = -01 

Second ordinate, 

{, {y) = 12078224, — (•02)' ( 1 00000000,) 

= 12038224, = 1, 1,2.5,1,7,3,9,0, = 1,(1-12792789) 

.-. y = 1-12792789 when X = -02 

Third ordinate, 

\,{y) = 12078224, - (-03/(100000000,) 

= 1 1988224, = 1, 1,2,4,6,7,34,0, = 1,(1-12736404) 

y — 1-12736404 when x = '03. 

Fourth ordinate, 

l,{y) = 12078224, — (-04)' ( 1 00000000,) 

= 11918224, = 1, 1,2,3,9,7,2,9,0 = 1,(1-12657515^ 

.-. y= 112657515 when a: = 04. 
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Fifth ordinate^ 

\p (y) ■= 12078224, - (•05)'' (loooocxxx),) 

= 1 1828224, = 1, 1,2,3,0,7 A9A = i, (ri2ss6i74) 

.-. y = 112556174 when x = 05. 

Sixth ordinate, 

i» (y) = 12078224, — (06)' (loooooooo,) 

= 11718224, = i, 1,2,1,9,7,1,9,0, = i, (112432425) 

.-. y = 112432425 when x = •06. 

Seventh ordinate, 

], (y) = 12078224, - (•O7)*(ioooooooo,) 

= 11588224, = 1, 1,2,0,6,7,14,0, = 1,(1-12286359) 

.-. y =« 1*12286359 when x = -07 

y = 112118147 when x = 08 

y = 1*11927617 when a? = 09 

&c. &c. 

Two or three hundreds of these ordinates may be calculated 
in a few hours, and a table of corresponding areas formed for 
any range, as from x = o to x = 2 or aj = 3 &c. When 
greater accuracy is required the intervals must be made less. 



When cc = o, -p= €-*• becomes -y= = 1*1283792 the ordinate 
at the origin. '^'^ ^'^ 

I 1283792 
y^ = I 1 282663 

2 ) 2256645 5 

1*1283228 X 01 » 0112832 area bet^ween o and y^. 



CONCISE PROCESSES, PROBLEMS, ET(}. 20/ 

r I 282663 

I 1279279 



2 ) 2-2561942 



1*1280976 

•0112810 = area between y^ and y,. 

r I 279279 
1-1273640 



2 ) 2-2552919 



r I 276459 
0112765 = area between yj, and y,. 

r I 27364 
1-126575 



2 ) 2253939 



I • 1 26970 
0112697 = area between y^ and y^. 

1-126575 1-125562 1-124324 1122864 1121181 
1-125562 1-124324 1-122864 1121181 1-119276 



2)2*252137 2)2-249886 2)2-247188 2)2244045 2)2-240457 



1126069 1124943 1*123594 1-122023 1-120229 

In the practical application of the theory of probabilities, a 

2 /** 
table for the values of -j-] e—'*dx^A, for intervals of 

V IT*' o 

a; each = -01 is often employed. To construct such table by 
the dual calculus, requires but little numerical labour. 

p F 



2o8 



DUAL ARITHMETIC. 



Specimen. 



X 


A 


Diff. 


ooo 


aooooooo ] 


112833 


OOI 


00112832 1 


[12810 


002 


00225642 ] 


[ I 2765 


003 


0-0338407 1 


[ 12697 


004 


00451104 1 


[I 2607 


005 


0*05637 II ] 


[12/^94 


006 


00676205 ] 


[12359 


007 


0-0788564 ] 


[ 12202 


008 


00900766 ] 


112023 


009 


0-1012789 





The differences 
) are calculated as 
shown above. 






Ex. 26. What is the difference cf the areas corresponding to 
the ordinates I '5 3 ond i-54» in the curve cf the prenious 
Example 1 

|, iy) = 12078224, - (1-53)* (lOOOOOOOO,) 

= 8246733,-1,(10) 

8246733, = I 0,8,2,8,6,5,6,9, = I (1085963 is) 
.-. y = -108596315 when x = 1*53 
and y = 105313068 when x = 1-54 

2 ) 213909383 

106954692 X 01 = 0010695. 
0010695 is the required difference. 



Ec. 27. Required the valtie of G = 



n 



^ 2 TTXX. 



e 2«xj when 



n = 14000* ; X = 7200 ; x^ = 6800, and I = 163. 
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1>(C) = 1, 



n 



nV 



(ICX)000000,) 



2irxxJ 2XX^ 

nl_ ^ ii-63Y (1-4) 10' _ (I-63)'' (1-4) _ ,.»q8672.q 
2xx^ 2 (72) (-68) 10' ~ (72) (1-36) ~ ^ /y**°/^39 

n 14000' 142973856 



2TrxXi 2 7r (7200) (68oo-) 

2^)*= '499878930 



10* TT 



••• K: 



••• \y (C) = '499878930 + '379867239 
= 41287868, - I (10*) 

41287868, = i,4>3>i7>8,7>4,7, = i, (1*51116161). 
.-. C = 000151116161. 



JEx. 28. What is the area of the curve y = -j= €""** from aj= 3 

Vtt 

to a; = 4*3 ? 

We have before shown how the ordinates may "be almost 
instantly calculated from the formula 

I, (y) = 12078224, — 10® iC*. 



X. 


— 10® a?^ 


y- 




30 


'900000000 


00013925 


(0 


31 


'961000000 


00007566 


(2) 


3-2 


1024000000 


•00004030 


(3) 


3*3 


'1089000000 


•00002104 


(4) 


3'4 


'l 156000000 


•00001076 


(5) 


3*5 


1225000000 


•00000540 


(6) 


3*6 


1296000000 


•00000265 


(7) 


37 


1369000000 


•00000128 


(8) 


3-8 


'1444000000 


•00000061 


(9) 


3*9 


'1521000000 


•00000028 


(10) 


40 


'1600000000 


00000013 


(II) 


41 


'1681000000 


00000006 


(12) 


4*2 


'1764000000 


00000002 


(13) 


43 


'1849000000 


0000000 I 


(14) 



2io dual arithmetic. 

Thomas Simpson's Rule. 

To the sum of the first and last^ or extreme ordinates, add 
4 times the sum of the 2d^ 4th, 6th, &c., or even ordinates, and 
twice the sum of the 3d, 5th, 7th, &c, or odd ordinates, not 
including the extreme ones; the result, multiplied by ^ the 
ordinates' equidistance^ will be the area. 

41488 four times even ordinates. 
10894 twice the odd ordinates. 
13925 first ordinate. 
I last ordinate. 



7506 


4030 


2104 


1076 


540 


265 


128 


61 


28 


13 


6 


2 



•CO066308 

I ordinates' equidistance. 



10372 5447 



4 2 3)-oooo663o8 



41488 10894 -000022x03 area between a? = 3 to a? = 4'3. 

. *. area between \ -999977897 
X = o and a? = 3 ) 



The area (A) of the curve whose equation is y =» -p. €"** may 
be represented by either of the following series: — 

^^V^r-Ts^I^S""!^/"^--;' ^'^' Convergent. 



-Hi f I « J., 4. JL3 _ ITS 

a; Vtt \ 2a;' 2* a?* 2'aj' 



+ -^r^ - . . . . j ; (2). Divergent 

The first of these formulae may be employed when x is less 
than 2, and the second by the aid of continued fi-actions, when 
X is greater than 2 ; but to apply either (l) or (2) by common 
Arithmetic, when a? is a compound number, almost amounts to 
an impossibility, except to obtain rough approximations. 



CONCISE PROCESSES, PROBLEMS, ETC, 
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JSx. 29. What is the area 

2 



-;r8 



y = -p e"* from a: = 2 to a? 



of the curve whose equation is 

= 3? 



TT 



X. 


- lo'a:^ 


y- 




20 


'4000CXD000 


02066985 


(I) 


21 


'441000000 


•01371565 


(2) 


22 


'484000000 


00892216 


(3) 


2*3 


'529000000 


00568902 


(4) 


2-4 


'576000000 


•00355515 


(5) 


25 


'625000000 


00217828 


(6) 


26 


'676000000 


00130805 


(7) 


27 


'729000000 


00076992 


(8) 


2-8 


'784000000 


'000/\/\/\2l 


(9) 


29 


'841000000 


00025121 


(10) 


30 


'900000000 


00013925 


(lO 




1371565 


892216 






568902 


355515 






217828 


130805 






76992 


44421 


• 



I4I2957 

2 
2825914 



2512I 
2260408 

4 

9041632 

•02066985 
09041632 
'02825914 
00013925 

•13948456 
•I 

3) 013948456 

004649485 =3s area from a? = 2* to a; = 3. 
000022103 = area from a; = 3* to a; = 43. 



004671588 = area from a? = 2* to x — 4-3. 
Ar. Co. 995328412 = area from a? = o* to a; = 2. 
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Ex. 30. Suppose 18 bays are bam to ly girls, in which case 
out of 14000 births the most likely individual case is, that 7200 
should be boys, and 6800 girls, what is the probability that the 
number of boys shall fall between 7200 + 163 ? 

In Laplace's formula (Q) x = 7200 x^ = 6S00 n = 14000 
/ = 163 and TT = 314159265 . . . &c. € = 2718281828 . . . &c. 



/ / e 2««, dl + / e 2^*1 ; (Q). 

V 2irxx J ^ V 2irxx ^ ^ 



2irxx^ Jo ^ 2irxx^ 



i n «'' 



In Example 27. -f / e 2**1 is found to be 

^^ .^ mm mm * mM j 



nr 

•000151116161, and = 3*79867239, which put ±= 2^ then 

z = 1*94901832. 



I- J— =-• 

V 2 XX, 



.'. ^/ dl = dz. 

V 2 XX 



2xx^ 
Then making z the^ independent variable, 



/ n r' — -^ ^ r» -z* 

/ e 2«a:i dl becomes -7= / e dz. 

>f 2irxx. J o v^ •' o 



The area of the curve between x = 1*94901832, and z = 2*00 
may be found as in previous examples. 

When 2 = 2* ordinate = 02066985 

z = 194901832 ordinate = 02527625 



2) 05098168 04594610 

Half diff. 02549084 

•0459461 X 02549084 = 00117120 = area. 
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According to Example 29 tlie area between the ordinates for 
z = oto z = 2' was found to be 

= -99532841 
00117120 . 

•9941 572 1 =. area between o and 1*94901832 
000151 1 1 



•99430832 = the value of (Q). 

It is therefore 99430832 to '00569168, or 175 to i, that the 
number of male births shall be within the limits specified. 

Suppose a perfectly flexible chain of uniform density and 
thickness to be suspended from two fixed points, A and B, 
and when in equilibrium to form the curve A OB; this curve 




is termed the catenary. The equations to this useful curve 
being of a mixed and exponential kind, the calculations that 
have been made respecting it amount to little more than mere 
guess work. 
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Let be the lowest point of the chain AOB; OM=«a?; 
MP = y ; and the arc OP = s. Again, let v be the length of 
a portion of chain which is equal to the tension at 0. If we 
suppose the part OP rigid, after it has assumed the form of 
equilibrium, it will evidently be supported in the same manner, 
and the tensions at and P will be the same as when it was 
loose. OP is therefore kept at rest by three forces, namely, the 
tension at acting in the direction of the tangent OY, the 
tension at P acting in the direction of PT, the tangent to the 
curve at the point P and the weight of the piece of chain OP 
acting in a vertical direction. Because the three forces just 
described are respectively parallel to the three sides of the 
triangle TMP, the forces being in equilibrium will be propor- 
tional to these sides. 

.-. Weight of OP : tension at :: TM : MP. 

But ds, dy^ and dx are respectively parallel to PT, PM, 
and MT; ds^ dy^ dx form a very small right-angled triangle at 
the point P. 

.*. s : V '.: dx : dy. 

dy _ V 
dx 8 

In eveiy plane curve ds^ = dx^ + dy^ ; hence in general 

ds I dy\^ . . 

-7- = ( I + ^i] •'. m the catenary y 

ds \/v^ + s^ ^ 1 ' sds 



— or dx = 



dx s \v^ + 5" 

Taking the integral of tl is last equation, and observing that 
s = o when x = o; we obtain 

X + V — ^{v^ •\- s^) or 5' = a;* -f 2vx (a). 

Having determined v, (a) is the equation of the curve 
expressed by x and s as variables. 
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Again, because ~ = - == ~ - — _ which being integrated 

ax s vjj'* -{- 2vx 



gives 



y __ , X + V + Jx^ + 2VX 



y V -{- X Va? + 2VX ,riN 

€ being the base of the hyperbolic system of logarithms, 
(y8) is the equation to curve between the variable co-ordinates 
X and y. 

The equation (fi) may be put in the form (7) to render it 
convenient for dual calculation. 



€» = I + a? 



(^{H@(-f)(;)}^ <* 



Transposing , and squaring both sides of (ff) we 

obtain 

^ ^x + v (x + vY a? + 2VX 
6 f -- €» h -^ — 5—^ = y . 



V V* ti* 



.'. X + 



t; = - lev +€ V j; 



and because (a), $^ =s a? + 2vx or a' = (a? + t?*) — 1;* 






which is the equation of the curve between the variables 5 and y ; 
2? being unknown but not variable in each particular inquiry. 

Suppose t to be the length of a portion of the chain which is 
equal to the tension at any point P, then, 

< : 5 :: PT : TM :: ds : dx 
.'. sds = tdx; 

aa 
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Since «* = aj* + 2t;a?, differentiating gives sda = xdx -f- vdx. 

.*. <c?a? = 2dx + vd^aj and ^ = oj + r. 

Suppose the tension at P to be balanced by means of PD, 

a portion of the chain passing over a pulley at P and hanging 

freely, then 

PD = aj4-t? = OM + t?; 

YD i= 00 = V, which is evidently a constant quantity, 
although unknown. Hence, if the tension be supposed to be 
balanced by means of portions of the chain hanging over 
pulleys at points P, A, &c the lower ends will be in the same 
horizontal line D 0. 

Example. 

In a suspension bridge, let the central span AB, between the 
piers be 677*12 feet, the droop or deflection of the chain 
OX = 52*02 feet, the weight of the chain 365 tons; find the 
strains at the highest points A and B^ and at the lowest 
point O. 

AX:XO:: i : ^^ = .153650756. 

Then if AX=y= i; OX = a? = -15365076; 
^ = -07682538 ; and {2x)^ = -55434783. 

Putting z for - in equation (7) it becomes 
6* = I + •I5365076« -f •55434783^* (i + -076825382?)* ; (i). 

It will be hereafter shown that — 5 ? is a rough limit to 

which z approaches ; 

6il? 

^8 , _^ = *304902o8 in the present Example. 



ly + x^ 



. •. z may be put = -3025 1 w, = i i 2, w, then «i = J | i - 
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According to this design equation (i) becomes 

e-8025 1 u, = [I ^-04647936 |t«,+.30489 130!^ (14..02323968IW,*]; (2). 

The dual logarithm of the left-hand member of (2), is 
30250000, and the dual logarithm of the right-hand member 
is 30372259, when % = o. Hence it is evident from mere 
inspection, that it is convenient to suppose w, a dual digit in 
the third position. It is further evident that for each unit in w, 
the dual logarithm of the left-hand member of (2), will be at 
least increased by 30250, for 



302 



500 
302 



00, 

50, for i 0,0,1,. 



Again, for each unit in 10,0,^3, the dual logarithm of the 
right-hand member of (2), will be at least increased by 15065,. 
Hence the following equation points out a convenient value 

for W3, ; 

30250000, + 30250,^3 = 30372259, + 15065,^3 



«*3 



122259, Q , 

= ^ o 7 = 8, nearly. 
15185, ^ 



Then \ 0,0,8, w^, being substituted for u^ in equation (2), it 
becomes 

e-30492847*u„ = [j + '04685350 jw^ 

+ -3061 1270 I ^* , (I + -02342625 1 t«„)i] ; (3). 

When u^ = o, the dual logarithm of the left-hand member of 
(3) is 30492847, and the dual logarithm of the right-hand 
member is 30493068, and inspection shows that the next position 
to be occupied is the fifth. 

Again, for each unit in u^ the logarithm of the left-hand 
member of (3) will be increased by 305, for 

30492 847, 

305, for i 0,0,0,0, 1. 
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By substituting 1 0,0,0,0,1, for w^ in (3) its logarithm will be 
at least increased by 225, therefore, putting 

30492847, + 305 Uy = 30493068, + 225 w, 

221 
gives w = -g^ = 2,7, 

• •• « = '3025 1 0,0,8,0,2,7,0,0, = i \ 2,0,8,0,2,7,0,0, 

,\ - = V == reciprocal of J | 2,0,8,0,2,7,0,0, = 2 1 5,1,8,0,0,0,5,9, 

z 

.-. i; = 3-2793685 

.*. i; X 338-56 = 1110*263 feet 

Tension at = 1 110263 feet of chain. 

Tension at A = 1162-283 feet of chain. 

Although it is not the design of this work to discuss the limits 
of the roots of equations, we have on many occasions taken the 
most convenient limits. In the present inquiry we assumed that 

"a -5 approaches z, which is readily shown. 

Because ;— = / :; = / ^ + r" ) 

ax War + 2VX W2vx \ 2t7/ 

^s/rxi'"^,-^") 

^ 2 \ 3 4vJ \ I2vj 

from integrating and neglecting all the terms after the second. 



.2 



X a? 



r-2vx i-^ + 



.) 
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Again, in operating with the dual calculus may be 

neglected, then v = — k—^ 1 ^i> Wg, t*g, . . . . to any required de- 

\jX 

gree of accuracy. The dual number | w^, u^^u^y . . . . makes good 

aU the defects of -J-^-^-. 

ox 
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